SUPER DUALITY AND CRYSTAL BASES FOR QUANTUM 
ORTHOSYMPLECTIC SUPERALGEBRAS 



JAE-HOON KWON 

Abstract. We introduce a semisimple tensor category Oq"^{m\n) of modules 
over an quantum orthosymplectic superalgebra. It is a natural counterpart of 
the category of finitely dominated integrable modules over the quantum classical 
(super) algebra of type Bm+n, Cm+n, Dm+n or B{0, m + n) from a viewpoint of 
super duality. We show that a highest weight module in Oq^'^{m\n) has a unique 
crystal base when it corresponds to a highest weight module of type Bm+n, Cm+n 
or B{0,m + n) under super duality. An explicit description of the crystal graph 
is given in terms of a new combinatorial object called orthosymplectic tableaux. 
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1. Introduction 

1.1. The Kashiwara's crystal base [23] is a certain nice basis at g = of a module M 
over the quantized enveloping algebra associated to a symmetrizable Kac-Moody al- 
gebra, which still contains rich combinatorial information on M, and it has been one 
of the most important and successful tools in representation theory of the quantum 
groups. 

This work was supported by Basic Science Research Program through the National Research 
Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology (No. 
2012-0002607). 
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For a contragredient Lie superalgebra g pLSj, a theoretical background of crystal 
bases for the quantum superalgebra Uq{Q) is given by Benkart, Kang and Kashiwara 
in [2]. The existence of a crystal base is shown when g is a general linear Lie super- 
algebra fltm|n [2] and a queer Lie superalgebra q„ [HI [15] for a special class of finite 
dimensional modules appearing in a tensor power of the natural representation V of 
Uq^q), often called polynomial representations. We should remark that the crystal 
base theory for these two Lie superalgebras is not parallel to that of a symmetriz- 
able Kac-Moody algebra due to the same substantial difficulties encountered when 
we consider the representations of classical Lie superalgebras compared to those of 
Lie algebras. For example, a finite dimensional representation of g is not semisimple 
in general. Indeed, the above results for g = Qlm\n and q„ are based on the semisim- 
plicity of V^"^ , and closely related with the Schur-Weyl-Sergeev dualities [31]. Also, 
there is a work on crystal bases of a family of infinite dimensional representations 
ofL'(2|l,a) [34]. 

There is another important class in classical Lie superalgebras called orthosym- 
plectic Lie superalgebras. However, there is little known about the existence of its 
crystal bases except for ospi|2r, which is a Kac-Moody superalgebra of type B(0,r), 
and where we can apply the crystal base theory developed in |17j . 

In this paper, we construct for the first time crystal bases of a large family of 
semisimple modules over a quantum orthosymplectic Lie superalgebra. We also 
prove the uniqueness of these crystal bases and give a combinatorial model for the 
associated crystals. 

1.2. Let us explain our results in more details. Our first step is to find a nice 
semisimple category of modules over a quantum orthosymplectic superalgebra. Since 
a tensor power of the natural representation of an orthosymplectic Lie superalgebra 
is not semisimple in general, we take a completely different approach inspired by a 
recent work of Cheng, Lam and Wang on super duality 

Super duality is an equivalence between a parabolic BGG category 0{m + oo) 
of modules ov6r tli6 cla-ssical Li© algebras Qrn-\-oQ 

and a category O(mjoo) of mod- 
ules over the basic classical Lie superalgebras gm|oo of infinite rank, where g = 
g[, b, b', c, t). (From now on, we use g as a symbol representing the type of a Lie su- 
peralgebra.) It was originally introduced in [SJilO] as a conjecture in case of general 
linear Lie superalgebras and later proved by Cheng and Lam [6]. Then the duality 
for orthosymplectic Lie superalgebras was established by Cheng, Lam and Wang 
13 . One of its most remarkable and powerful features is that super duality reveals 
a natural connection with the Kazhdan-Lusztig theory of Lie algebras. 
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We consider the semisimple subcategory 0*"'*(m|oo) of 0{m\oo) equivalent to the 
subcategory 0^'^*{m + cxo) of integrable modules in 0{m + oo) under super duality. 
It is known that 0*"'*(m|oo) is the category of polynomial modules when Qm\oo is 
a general linear Lie superalgebra, that is, g = q\, [9j. Motivated by this fact, we 
prove that when 0m|oo is orthosymplectic, that is, = b, b', c, 5, 0*"*(m|oo) is a full 
subcategory of 0(m|oo) such that the weights of each object are polynomial with 
respect to a suitably chosen dual basis of the Cartan subalgebra (Theorem I3.7P . We 
have a similar result for a category C'*"'*(m|n) of modules over 3m|n of finite rank, 
where 0'^^^{m\n) is obtained from 0^'^^{m\oo) by applying the truncation functor. 
We should note that 0*"*(m[oo) is not characterized only by locally nilpotent ac- 
tions of positive simple root vectors since the odd isotropic root vectors are always 
nilpotent on 0^|„-modules. 

Unlike the case of 3 = gl, the irreducible modules in 0*"*(m|n) are infinite di- 
mensional when Q = b,b*,c,d and n > 0, which were called oscillator modules and 
studied via Howe duality in [5]. But one may still regard 0™^{m\n) as a natural 
counterpart of the category O^^^ {m-\-n) of finite dimensional modules over Qm+n of fi- 
nite rank, since both of them are obtained from two equivalent categories O''^^ {m\oo) 
and 0^^^{m + 00) by truncation, respectively (see the diagram below, where J- is 
the super duality functor and tr„ is truncation functor). 

0(m + oo) — ^ — > 0{m\oo) 

u u 

©^"'(m + 00) — 0*"*(m|c5o) 



©^"^(m + n) ©^"'(mln) 

Then we consider g-deformations of 0m|„-modules in 0*"*(m|n) for = b, b*, c, c). 
More precisely, based on our characterization of 0*"'*(m|Ti), we consider a category 
Og"'*(m|n) of C/g(0„|„)-modules with the same conditions on weights. By using the 
method of classical limit and the semisimplicity of 0*"*(m|?7-), we show the following 
(Theorem 14. 3p . 

Theorem. Og"'*(m|n) is a semisimple tensor category equivalent to 0^'^^{m\n). 

An irreducible highest weight module in Oq"*(m|n) is parametrized by ^(0)m|n) 
which is a set of pairs (A,^) of a partition and a positive integer, and its highest 
weight is denoted by A^|„(A,£). Let L|j(0m|„, A^|„(A, £)) be an irreducible highest 
weight Uq{grnln)-^'^odule with highest weight Am,u(A,^). 
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The notion of a crystal base of a module in 0^^^{m\n) can be defined following [2] 
for Q = b, b', c, t). We first consider a ?7q(gm|ra)-™odule Yg with a crystal base, which 
is a Fock space over a q'-deformed Clifford- Weyl algebra (cf.^llj). An irreducible 
summand of is a highest weight module, which corresponds to a fundamental 
weight [/g(gm+n)-niodule under super duality, and each highest weight module in 
0*"'*(m|n) can be embedded into 7^'^^^ for some M > 1. 

Now, we consider the cases when g = b, b*, c. To describe the connected compo- 
nent in the crystal of including a highest weight vector with weight Am|„(A,£), 
we introduce a new combinatorial object called orthosymplectic tableaux (depending 
on g), which is partly motivated by [32]. Let T„|„(A,£) denote the set of orthosym- 
plectic tableaux of shape (A, i). We show that the character of T^|„(A, I) is equal to 
that of Lq(g,m|„, A,m|„(A, £)), and Tm|„(A,^) is a connected crystal, where the crystal 
structure on T^|„(A,£) is naturally induced from that on Y^^K Using these facts, 
we prove the following, which is the main result in this paper (Theorem IS.Sp . 

Theorem. Each highest weight module in 0'^^^{m\n) has a unique crystal base for 
g = b, b*, c. Moreover, the crystal o/Lg(g„|„, A„|„(A, £)) is isomorphic to T^|„(A,£) 
for (A,£) G ^ie)m\n- 

We remark that an orthosymplectic tableau is defined over an arbitrary linearly 
ordered Z2-graded set A and its main advantage is compatibility with super du- 
ality functor and truncation functor tr„,. More precisely, the set of orthosym- 
plectic tableaux of shape (A,£) gives both irreducible characters in 0^^^{m + n) 
and 0^^^{m\n) with suitable choices of A. The Schur positivity of the character of 
orthosymplectic tableaux of shape (A, I) plays a crucial role in proving this compat- 
ibility. Also, when ^ is a finite set with even elements, we have an explicit bijection 
between orthosymplectic tableaux and Kashiwara-Nakashima tableaux [26] of type 
B and C. 

1.3. The paper is organized as follows. In Section [21 we recall the definition of 
orthosymplectic Lie superalgebras g^i^ based on [9]. In Section [3l we briefly review 
super duality and present a simple characterization of 0*"'*(m|n). In Section [J we 
define Og"*(m|n) and show that it is a semisimple tensor category. In Section [5l we 
review the notion of a crystal base for a quantum superalgebra [2] and prove the 
existence of a crystal base of a g-deformed Fock space Yg. Then we introduce our 
main combinatorial object T^|„(A,^) in Section [6l and show that its character gives 
an irreducible character in 0^^^{m\n) for g = b, b*, c in Section[71 Finally, in Section 
[HI we show that Lg(g„|„, A„|„(A, ^)) has a unique crystal base for g = b,b*,c and 
{X,i) € ^(g)m|n) whose crystal is isomorphic to T^j„(A,£). 
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2. Orthosymplectic Lie superalgebra 

In this section, let us briefly recall some necessary background on Lie superal- 
gebras (see [HI [l8] for more details). Our exposition is based on [9] with a little 
modification. We assume that the base field is C. 

[gebras. Throughout this paper, we fix a positive 

1 < k < m} U ^Z, 
1 <k <m}UZ, 
l<A:<m}u(i+Z)u {0}, 

where is a linearly ordered Z2-graded set with 

■ • • < -| < -1 < < -T < • • • < -m <0<m<---<T<i<l<|<..., 

D { fc, -fc 1 1 < A; < m } U , = ^ + 

(the degree of will be specified later) and the linear orderings and Z2-gradings on 
the other sets are induced from those on For a € Im; |a| denotes the degree of 
a. We put 1+ = { a G 1+ I a > } and = { a G 1 1 a 7^ } for I C 

For I C Im, we denote by Vi the superspace with basis { | a € I }, where the Z2- 
grading is induced from I^- Let flt(M[) be the general linear Lie superalgebra of linear 
endomorphisms on Vj vanishing on VaS except for finitely many a's. We identify 
g[(Vi) with the space of matrices (aij)ijgn spanned by the elementary matrices Eij. 
We assume that is a subspace of 1^ and 0t(Mi) C aUVi )■ Let a[(Vi) be the central 

Jim 

extension of 0f(M[) by a one-dimensional center CK with respect to the 2-cocycle 
a{A,B) = Str([J, ^]i3), where Str is the supertrace with Str(ajj) = X^jg]i(— l)'*'aM 

and J = J2i<o^i,i- 

For n G Z>o U {00}, we put 

Im+n = {a elm\m < a <n}, 
Jm|n = {a elm\rn < a <n - I}. 
We assume that Sm+o = Sm\o = {m, . . . , 1 }. 



2.1. General linear Lie superal 

integer m and let 

Im = {k, k\ 

-D-m — { ^) ^ I 

Im = {k, k\ 



6 



JAE-HOON KWON 



2.2. Orthosymplectic Lie superalgebras. Suppose that the degree of G Im is 
1. Define a skew-supersymmetric bihnear form ( • I • ) on by 

, , (^^±a|^^±6) =0, K|^-fe) = -(-l)l'^ll'l(t^-b|fa)=5afe, 

(2.1) 

(^^ol^o) = 1, (^^ol^^ia) = 0, 

for a, 6 € I^. For I C Im, let spo(Vi[) be the subalgebra of 0t(Mi) preserving the skew- 
supersymmetric bihnear form on V\ induced from (|2.ip . Then we define b^^o^' ^m|oo' 
Cm+oo and c^ioo to be the central extensions of spo(Vi[) induced from 0t(Mi) when I 
is Im, Im; Im ^nd I,^, respectively. 

Next, suppose that the degree of G Im is 0. Define a super symmetric bihnear 
form ( • I • ) on by 

{V±a\v±h) = 0, {Va\v^b) = {v -l,\v a) = Sab, 

(2.2) 

{vo\vo) = l, {vo\v±a)=0, 

for a,b £ I+. For I C Im, let osp(Vi[) be the subalgebra of 0l(Vn) preserving the 
super symmetric bihnear form on Vj induced from (|2.2p . Then we define bm+oo, 
bm|oo; ^m+oo and 5m|oo to be the central extensions of osp(Vi[) induced from 0l(M[) 
when I is Im, Im, Im I^, respectively. 

From now on, we assume that is a symbol, which denotes one of b, b*, c and 
t). Let U{Qrn+oo) and f/(0m|oo) be the enveloping superalgebras associated to 0m+oo 
and 0m,|ooj respectively. 

Let f)m+oo (resp. f)m|oo) be the Cartan subalgebra of 0m+oo (resp. 0m|oo) spanned 
by K and Ea := Ea,a - E^a-a for a € Im+oo (resp. J^ioo), and let ^*„^j^^ (resp. 
'^mloo) be the restricted dual of f)m+oo (resp. f}m|oo) spanned by A^- and 5a for 
a G Jm+oo (resp. Jm|oo)> where {Eb,6a) = 5ab, {K,5a) = 0, {Ea,Km) = for a,h and 
{K, Afn) = r with r = 1 for = c and i" = ^ otherwise. Here ( • , ■ ) denotes the 
natural pairing on i)m+oo x or i)m\oo x ^*m\oo- 

Let Im+oo = . . . , 1, 0} U Z>o. Then the set of simple roots Hm+oo = { | i G 
-^m+oo }i the set of simple coroots li^^^ = {a^ \ i G Im+oo } and the Dynkin diagram 
associated to the Cartan matrix ((a^^, aj))i,jG/„+oo of 0m+oo are listed below (the 
simple roots are with respect to a Borel subalgebra spanned by the upper triangular 
matrices) : 

• bm+oo 



a,: 



Sj — Si, a i = 0, 

Si — Si+i, ifzGZ>o, 



a,- 



-2Ejn + 2K, if z = m, 

^k+i-^^ ifi = fc(7^m), 

E^-Ei, a 1 = 0, 

Ei-Ei+i, ifiGZ>o. 



{% denotes a non-isotropic odd simple root.) 



ai = < 



25mi 



■'k+l "fc' 



if i = m, 
5t, iii = k {^m) 



5j — 5i, if i = 0, 



-Ejn + K, if i = m, 

Ej-Ei, ifi = 0, 
^Ei-Ei+i, ifiGZ>o. 



■'m+oo 



Hi 



m. 



5j — Si, if z = 0, 
Si — Si+i, ifzGZ>o, 



-2Ern + 2K, if i = m, 

ifi = fc(7^m), 
ifz = 0, 

Ei-Ei+i, ifzGZ>o. 



o^c^o c^o— c^o— 

f^rn '^m.-l Q:j^_2 CK— aQ CKl a2 
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= < 



-5m - 5^^, 
5i — Si+i, 



if i = m, 
if i = k {j^ rn), 
if i = 0, 
if i € Z>o, 



-Em-Ej^ + 2K, ifi 



£'y - El, 



Ei — E, 



if i = A; (t^ m), 
if i = 0, 
if i G Z>o. 




-o— oo— 



Let Ir„|oo = { m, . . . , 1, 0} U (5 +Z>o). Then the set of simple roots ^rn\oo = 
{ /3i I i G /mioo }) the set of simple coroots n^|^ = { | i G /rn|oo } ^^id the Dynkin 
diagram associated to the Cartan matrix {{P'i ■, of 0m|oo &re listed below 

(the simple roots are with respect to a Borel subalgebra spanned by the upper 
triangular matrices): 



m 00 



5rm 


if i = 




- %, 


if i = 


m), 




if i = 


0, 


— 


if i G 


\ + Z>o, 



-2Ern + 2K, if z 



El 

Et 



k+l 



Ej:, 



El, 

2 



Ei — E, 



if i = A; m), 

if i = 0, 

if i G i + Z>o. 



-O O — (g^C^O- 



( denotes an isotropic odd simple root.) 



— 2Sri 



a i = m, 



Sj — Si, if i = 0, 
2 

(5i - Si+i, if z G ^ + Z>o, 



-£W + if i = m, 

Ek+I-Ej:, ifi = k{^rn), 

Et + Ei, ifi = 0, 
2 

Ei — Ei+i, if z G 2 + ^>o- 
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• br 



0-- 



-O C^(g^C^O— 



-"m-l '-'m-2 



-Srn, if z = m, 

St — Si, if z = 0, 

2 

Si - 5i+i, if z G ^ + Z>o, 



-2£;^ + 2if, 

2 



Ei — E, 



if z = m, 

if z = A; (t^ m), 

if z = 0, 

if z G ^ + Z>o. 



-O OHg^C^O- 



m— 1 ' 



(5i, 

2 



if z 
if i 
if i 



m, 



= 0, 



if i G i + Z 



>0) 



E^j;^ + 2K, if i = m, 



E- 



Ej + Ei, 
2 



K — K 



if i = k ni), 

if i = 0, 

if i G i + Z>o. 




Ih /3o /3i h 



Note that = for i = m, . . . , 1. 

We assume that fl^+oo and f)^|^ have symmetric bihnear forms ( • | • ) given by 

{X\5a) = s{{-lpEa -K,X), (ArnlAln) = 0, 

for a,b E Jm+oo or Jm|oo ^'^id ^ S flj^+oo ^m|oo' Here we assume s = 2 for 
g = b,b*, and s = 1 otherwise. We have {Sa\S},) = s{—l)\°'^Sab for a,b, and hence 
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(ajjaj), (/3j|/3j) G 2Z for i G /m+oo and j G -^m|oo- 

Let 



(2.3) = <^ 



1 


if i = m and g 


= b',b,-0, 




2 


if i = m and g 


= c, 




2 


if i G { m — 1, 


...,T,0}UZ>o 


and g = b*,b 


1 


if i G { m — 1, 


...,T,0}UZ>o 


and g = c,d, 


-2 


if z G ^ + Z>o 


and g = b*,b, 




-1 


if i G ^ + Z>Q 


and g = c, 5. 





Then 5^(0^^, A) = (ajjA) for i G Im+oc, A G f};^+oo' and Sj{f3j,fi) = for 

j G /„|oo, M e f);;,^. 

For n > 0, we put Im+n = G Im+00 \ iai\Sa) / for some a G Jm+n } and 
Im\n = G ^m|oo I (ftl-^a) / for some a G JI^|„ }. Let g^+n (resp. g^|„) be 
the subalgebra of gm+oo (resp. gm|oo) generated by the root vectors E±^ for 7 G 
n^+n := {ai\i G /m+n } (resp. n„|„ := {f3i\i G /m|n }) and K. The Cartan 
subalgebra {)m+n (resp. t)m\n) of g^+n (resp. gm\n) is spanned by IT and Ea for 
a G Srn+n (resp. Jm|„). 



3. Super duality and a SEMISIMPLE tensor category of g^ln-MODULES 

Throughout the paper, a module M over a superalgebra U is understood to be 
a supermodule, that is, M = Mq Mi with C/jMj C Mj+j for G Z2. If U 
has a comultiplication A, then we have a [/-module structure on M ® N via A 
for [/-modules M and N , where we have a superalgebra structure on U U with 
multiplication {ui0U2){vi®V2) = (— 1)'"^"^'^' (uif 1) (8) (1*2^2) (["ul denotes the degree 
of a homogeneous element u G U). 

3.1. Super duality. Let us briefly recall the super duality for orthosymplectic Lie 
superalgebras |7j. Let denote the set of partitions. For A = (Aj)j>i G let 
A' = (Ai)i>i be the conjugate of A. 

Let Im+oo be the standard Levi subalgebra of gm+oo corresponding to { | G 
Jm+00 } for some Jm+oo with Z>o C Jm+oo C Im+oo \ {0}. Let 



m+00 



A = cAm + ^ XaSa 

flG Jm+oo 



(1) c G C and A+ := (Ai,A2,. . .) G 

(2) (a^v^A) G Z>o for i G J, 



»n+oo 



be the set of Im+oo-dominant integral weights in f)m+oo- -^^^ ^ ^ ^m+oc 
-[^(tm+oo) A) be the irreducible tm+oo-module with highest weight A, and L(gm+oo, A) 



11 



the irreducible quotient of K{Qm+oo, ^) '■= Indp'"'^°°L([m+oo> A), where p is the sub- 
algebra spanned by upper triangular matrices and [m+oo and L([m+oo,A) is 
extended to a p-module in a trivial way. 

Let 0{m + od) be the category of gm+oo-modules M satisfying 

(1) M = and dimM^ < oo for 7 G ^1,+^, 

(2) wt(M) C ULi (a* - En™+^ ^>o«) for some r > 1 and A, G 

(3) M decomposes into a direct sum of L([m,+oo7 A)'s for A G Pm+oo- 

Here = {m\h-m = {h,'y) m {he i}m+oo) } and wt(M) = {76 i)m+oD I ^7 / } 
called the set of weights of M. Note that (3) can be replaced by the condition that 
E_a^ is locally nilpotent on M for i E Jm+00, that is, M is an integrable im+oo- 
module, where E^ai denotes as usual a non-zero root vector associated to — (see 
[T9l Section 2.5] for the case of osp(l|2m)-modules). 



Next, let irn\oo be the standard Levi subalgebra of gm\oo corresponding to { /3j | i G 
Jm\oo }, where J^ioo = {Jm+00 n {m, . . . ,T}) U + Z>o). Let 

P+i = I A^ A E P+,^ } , 

m|oo |_ m+oo J i 

where A^ = cA7f^+ Ea=m ^a-^a + Efegi+Z>o ^""^ ^ = cA^^+EaGj^+oo 

Then we define L([„|oo,A^), i^(g„|oo, A^), and L(0„|oo,A^) for A € -P+ 

+00 the 

same way as in 0{m + 00). 

Let 0{m\oo) be the category of gm|oo-™odules M satisfying 



1) M = ©^gf,. and dimM^ < 00 for 7 e f) 

' 'm| 00 



m|oo ' 



(2) wt(M) C ULi (A, - En„|^ ^>o/3j for some r > 1 and A^ G 

(3) M decomposes into a direct sum of L([„|(^, A)'s for A G 

Remark 3.1. For A = cAm + E^ck -^af^a ^ wt(M), we assume that the parity 

of A is Ea>i (mod 2) when q ^ b*, and Ea=m'^a (mod 2) when g = b*, which 
we denote by |A| (cf.[7l Section 5.2]). In particular, we have \(3i\ = (resp. 1) if 
and only if /3j is even (resp. odd) for i G /m|oo- We assume that the Z2-grading on 
M G 0(m|oo) is induced from the parity of its weights. 

Note that { L(g„+oo, A) | A G } and { L(g„|oo, A^) [ A G P^+^ } form com- 

plete lists of irreducibles (up to isomorphism) in 0{m + 00) and 0{m\oo), respec- 
tively. By Theorems 4.6 and 5.4], we have the following, which is called super 
duality. 

Theorem 3.2. There exists an equivalence of categories J- : 0{m+oo) — > 0(r?ijoo) 
such that J'(L(gm+oo, A)) = L{g^i^,A'^) for A G -P^+00 
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Let us give a brief description of T for the readers' convenience. The super duahty 
[7] is indeed estabhshed by considering an intermediate category between ©(m + oo) 
and 0{rn\<X)\ which plays a crucial role. 

Let b*, c and b, t) be the central extensions of spo(Vi) and osp(T4) with respect to 
the 2-cocylcle a for I = respectively. Let \) be the Cartan subalgebra of g with 

basis { Ea (a G I^) }, and f)* the restricted dual spanned by { Am, (a £ Im) }■ 
The set of simple roots of g is H = { 7^ | i G I }, where / = {m, . . . , 1, 0} U ^Z>o, and 



). By definition, we have g 



m+00 1 



7i = (3i (i = m, . . . , 1, 0), 7j = 6j - 5j^i (r G 2^>o 

0m|oo 0- 

Let [ be the standard Levi subalgebra of g corresponding to { 7i | i G J} with 
J = [Jm+oo n {m, . . . ,T}) U iZ>o, and let P+ = { j A G P++^ }, where A^ = 
cKjn + Yl!a=m^a^cL + J2be^z>o ^i^~^)b^b, with 6'(A+)-_i = max{A- - i + 1,0} and 
e{X+)i = max{Ai - i,0} {i G Z>o) for A = cA^ + EaeJ„+.o ^^^^^^ ^(XA^)> 

i^(0, A^), and L(g, A^) for A G ^s in 0{m + 00) and 0{m\oo). Let O be the 

category of g-modules M such that (1) M is f)-semisimple with finite dimensional 
weight spaces, (2) wt(M) is dominated by a finite number of weights in P"*", (3) M 
is a direct sum of -L([, A^)'s (see [TJ Section 3.2] for more detail). 
Now, for M 



e^g^^, G O, define 



r(M)= M^, r(M)= 



Then we have equivalences of categories T : O 
[71 Theorem 5.4] such that 

f r(L(T,A^)) = L(U+oo,A), 
|r(X(g,A«)) = X(g„+oo,A), 



©(m+oo) and T : O — > 0{m\oo) 

r(L(T,A^)) = L(U|^,A^), 
T(X(g,A^)) = X(g„|o„A^), 



(3.1 



for X = K,L. The functor in Theorem 13.21 is understood to be T o S, where 
S : 0{m + 00) — > O is a functor such that S o T (resp. T o S) is naturally 
isomorphic to the identity functor 1^ (resp. lc)(m+oo))- 

(3.2) 



0(m + 00) 




¥ 0(m|oo) 



Remark 3.3. 

(1) Our exposition is a special case of the results in [7], since we assume here that 
m > 0. 
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(2) In 171, the authors use a central extension, say gl (Vj ), of fllf^ ) by a one- 

Jim 

dimensional center CK with respect to the 2-cocycle a'{X,Y) = Sti([J' , X]Y), 
where J' = Eq q + X]r<-1 ^r,r in order to describe in a unified way the truncation 
into modules over the orthosymplectic Lie superalgebras of finite rank. On the other 
hand, our central extension gl{Vj ) is given by using J = ^r<Q-^r,r to describe 
the fundamental weight Am for Qm+oo and 0m|oo- But, there is an isomorphism 
-0 : Ql'iVjJ eKVjJ given by ip{X) = X + StT{J"X)K for X G qK^iJ and 
ipiK) = K, where J" = J — J' (cf. [7i Section 2.4]). So by using Tp one can translate 
the results in [7] in terms of our setting without difficulty. 

3.2. The category O*"*(m|oo). For A G ^ and c G C, put 

Am+oo(A, c) = cAjn + Ai^m + • • • + Xm^j + Am+ll^l + Am+2'^2 + ' ' ' j 
Am|oo(A,c) = Am+oo(A,c)^ 



Let ^(0) be given by 



•) = {(A,^) G ^ X Z>oK-2Ai G 2Z>o}, 
c) = { (A, £) G ^ X Z>o K - Ai G Z>o }, 
= {(A,^) G ^ X Z>oK-2Ai G Z>o}, 
= {(A,£) G ^ X Z>oK- Ai - A2 G Z>o}. 



Let C)*"*(m + 00) be a full subcategory of 0m+oo-niodules M in 0(m + 00) such 
that E —ct is locally nilpotent on M for a G Hm+oo- It is well-known that C?*"'*(m+(X)) 
is a semisimple tensor category, whose irreducible objects are L(0m+oo, Am+oo(A, ^)) 
for (A,^) G ^(0) (see [HI Section 2.5] when q = b'). 

Now, we want to characterize the 0m|cxD"™odules which correspond to integrable 
0m+oo-niodules in 0^'^^{m + 00) under the super duality functor T. Since -E^^^ = 
and hence -E_/3o is always locally nilpotent on M G ©(ml 00), we do not necessarily 
obtain such 0^|j^-modules by the condition that E_i3 is locally nilpotent on M for 
all (3 G n^ioo- 

Definition 3.4. Define 0*"'*(m|oo) to be the category of 0^|Qo-modules M satisfying 
the following conditions: 



1') M = 0^gf,. and dimM^ < 00 for 7 G 

' 'm| 00 



■m|oo 



2') wt(M) C ULi (^^^^7^+ Eaej^i^ ^>oSa) for some r > 1 and G 



(3') E^jj— is locally nilpotent on M. 
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Note that the condition (2') imphes the condition (2) in 0{m\oo) and also implies 
that -B-ft is locally nilpotent on M for i 7^ m, 0, which combined with (3') guar- 
antees that M is a direct sum of L{1^^^, A)^s for A G -P^|oo" Hence M G 0{m\oo). 
Equivalently, 0^'^*{m\oo) is a full subcategory of g^loo-niodules M in 0{m\oo) with 

(3.3) wt(M) C Z>oAm + ^ 

The goal of this section is to show that C'*"'*(m|oo) is a semisimple tensor category, 
which is equivalent to C'*"'*(m + 00) under T. For this, we need the following two 
lemmas. 

Let Qlm+oD be the standard Levi subalgebra of Qm+00 corresponding to Hm+oo \ 
{am}- Let i)m+oo be the Cartan subalgebra of fllm+oo with basis {Ea\a £ Jm+oo }, 
and {ijm+ooT t^e restricted dual spanned by dual basis {5a\a £ Jm+00 }• Also, let 
5^m\oo be the standard Levi subalgebra of Qm\oo corresponding to Ilm\oo \ {/^m} with 
h° I and (h° , )* defined in a similar way. 

''m\QO ^ 'in\oo' •' 

For A G let /^(fllm+ooi and L(g[„|oj3, A'') be the irreducible highest weight 
modules over glm+oo and Qlm\oo with highest weight Am+oo(A,0) and Afn+oo{^,0)\ 
respectively. 

Lemma 3.5. For M G O'''^^ {m\oo) , M is a direct sum of L{qIj^^^, A^) 's for A G 

Proof. By ([331) and [9, Theorem 3.27] (cf. [H Section 3.2.2]), M is a polynomial 
representation of Qim\oo and hence completely reducible. That is, M is a direct sum 
of L(gl„|^,A^)'s for A G ^. □ 

Let G : ©(ml 00) — > 0{m + 00) be an equivalence of categories such that Q o T 
(resp. T oQ) is naturally isomorphic to '\^o{m+o6) (resp. y^o{ra\oo))- 

Lemma 3.6. For M G ©^"^(mloo), Q(M) is a direct sum of L(g[^^oo, A)'s for 
A G ^. 

Proof. Let us briefly recall the super duality for general linear Lie superalgebras 
[6| (with respect to a maximal Levi subalgebra). Let be the set of weights 

^ = Eagj„+oo ^"-^^ ^ ^™+oo such that A+ = (Ai, A2, . . .) G ^ and (a,^. A) G Z>o for 
i G /m+oo \ {m, 0}. Let 0^\^^^ be the category of g[„_,_f^-modules M satisfying 

(1) M = 0^g(^^^^^, and dimM^ < 00 for 7 G 

(2) wt(M) C ULi (a* - En™+^\{a^j ^>oa) for some r > 1 and A, G P;^+^, 

(3) M decomposes into a direct sum of L([^^oo, A)'s for A G 
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where wt(M) is the set of weights of M with respect to ^m+ooi ^'^^ C+oo is the 
standard Levi subalgebra corresponding to Ilm+oo \ {otm^oto}. Also we define the 
category Cg[„|^ of go-modules in a similar fashion. 

Let g[ be the standard Levi subalgebra of g corresponding to H \ {7rn}, and let 
0~j be a parabolic category of g[-modules with respect to H \ {7m->7o } defined in 
the same way as Cg(,„_,.^ or Cgi^j^ (see [6] for more detail). Let f)° be the Cartan 
subalgebra of q[ with basis {E'a [ a € } and (f)°)* its restricted dual spanned by 
{ (5a I a £ Im }• [6] Theorem 5.1] (see also [9] Theorem 6.38]), we have equivalences 
of categories 

(3.4) Ofli ^ i 0~, > 0„( , , 

where for M = ©^^(i^o). G 0~„ 

T'{M)= M^, t'(M)= M^. 

76{C+co)* 7e(C|^)* 

Now, let M G ©(mloo) be given. Since M = T(M) for some M G O by (f3?2]) . let 
us identify M with r(M) and put M = t(m). Note that M ^ ^(M) by Theorem 
W% By definition of O, we have wt(M) C U[=i D{Ki) for some Ai, . . . , A.^ G P+, 
where D(Aj) = Aj - Y.fi ^>o7- We may assume that D{Ki) n D(Aj) = for i 7^ j. 

For A G and /c > 1, put D{K)k = A — k^m — 'Ylin\{-y—\ ^>o7- Then we 
have M = 0fc>o-^A:i where Mfc is the sum of over G wt(M) such that 
/U G Ui=i D{Ai)k- We can check that is gl-invariant and Mk G 0~( since its 
weights are finitely dominated as an g[-module. Hence we have 

(3.5) M = 0Mfe, M = 0Mfc, 

fc>0 fc>0 

where Mk := T{Mk) G Og(^|^and Mk := T{Mk) G Ogi„+^. Also, we observe that 
T and T when restricted on M^ coincide with t' and T', respectively. 

Now, suppose that M G ©^"^(mloo). By Lemma 13. 5| Mk is a direct sum of 
-C'(0U|oo, A'')'s (A G ^). By ([331), Mk is a direct sum of L(g[„+oo, A)'s (A G ^) 
with the same multiplicity as Mk for each A. Finally, it follows from (j3.5p that 
M ^ ^(M) is a direct sum of L{q{^^^, A)'s (A G ^). □ 

Theorem 3.7. O^^^{m\oo) is a semisimple tensor category, whose irreducible objects 
are -^^(gm|oo5 Ahoc(A,^)) for (XJ) G ^(g). 

Proof. Suppose that M G 0™*(mj 00) is given. By the condition (2'), we may 
assume that M G 0(?n|oo) with Jm\oo ~ -^m\oo 

\ {0}. We first claim that g{M) G 
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C'*"*(m-+oo). By definition of 0(m+oo), Q{M) is an integrable tm+oo-inodule. Hence 
E __Q,j is locally nilpotent on Q[M) for i G Jm+oo- On the other hand, by Lemma 
13.61 Q{M) is a direct sum of L{qI^^^, X)^s (A G In particular, E^ao ^'Cts 

locally nilpotently on g{M). Therefore, g{M) G ©^"^(m + oo). Since 0'"-\m + oo) 
is semisimple, we have g{M) = Q^;^^^)^^?^^) L(3m+oo, Am+oo(A, ^))®™'(^''^' , for some 
m^^x/) ^ ^>o- Then applying J" to g{M), we get 

L(s„|^,A^|^(A,£))®"^(^.^). 

{A,^)Gi?'(g) 

Hence M is semisimple. Finally, given Mi,M2 G 0*"*(mIoo), it is not difficult to 
check that Mi (g) M2 G 0*"*(m|oo). Therefore, 0*"*(m| 00) is a semisimple tensor 
category. □ 

Corollary 3.8. Let M be a highest weight Q^^^-module in O^^^{m\oo). Then M is 
isomorphic to L{Qjn\oo, -^mlooi^J)) for some {X,i) G ^(q). 

3.3. The category O'"'^^ {m\n) . Consider the representations of Qm\n of finite rank 
(see [71 Sections 3.3 and 3.4] for more detail). Let = lm\oo ^ 9m\n- Let P^^^ be 
the set of A G P^^^ such that {Ea,A) = for a Sm\m ^{Q)m\n the set of 
(A,£) G ^(g) such that A„,i^{X,e) G (We assume that ^(0),^|oo = ^(g)-) 

Let us write A„|„(A,^) = A„|oo(A,^) for A^\^{X,£) G P^^^- As in Section [STTl one 
may define L([^|„, A), i^(g„|„. A), L(gm|n, A) for A G and a parabolic category 

0{m\n) of g^i^-modules. 

Let M G ©(ml 00) be given with M = M^. We define the truncation functor 
tXn ■ 0{m\oo) — 0{m\n) by 

trn(M) = 0M^, 
7 

where the sum is over 7 with {Ea,^) = for a Jm|n- Fo^' A G -P^Iq^, we have 
tr„(X(g„|^,A)) = X(g^|„,A) if A G P+^, and otherwise for X = K,L hy \7l 
Lemma 3.2]. Also, it is easy to see that trn(i([m|oo) A)) = L([„|„, A) if A G -P^|„, 
and otherwise. 

Definition 3.9. Define 0*"'*(m|n) to be the category of gm[n"™odules M satisfying 

(1) M = © My and dim < 00 for 7 G t}*., 

' 'm\n I 

(2) wt(M) C ULi {ii^m + Eae3^^„ ^>0^a) for some r > 1 and G Z>o, 

(3) E_.j3—. is locally nilpotent on M. 

As in the case of 0*"'*(m|oo), each M G 0^"'^{m\n) is a direct sum of L([m|n) A)'s 
for A G P~^, and 0'^"'^{m\n) is a full subcategory of 0{m\n). 
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We will prove that 0^'^^{in\n) is a semisimple tensor category. We remark that 
the super duality functor is not available to 0*"*(m|n). So we will prove this in a 
rather indirect way, but still using super duality. 

Lemma 3.10. Let A) be a highest weight g^j„-morfu/e in 0{m\n) with high- 

est weight A G -P^|n' ^^^^^ there exists a highest weight Q^^^-module V{gjy^\^, A) 
with highest weight A in 0(m|oo) such that tr„(y(3m|oo; A)) = A). 

Proof. Note that y(g„|„,A) = Er(g„|„, A)/W„ for some gm|n-submodule Wn of 
K{Qm\n,^)- By ^27, Lemma 2.1.10], we have a filtration {0} = Tvi"^ C wi^^ C 
Wi^^ C • • • such that 

(1) ^n = U>l^n\ 

(2) Wn^ /Wn is a highest weight g^i^-module with highest weight Vi € -Pj^|„, 

(3) if Vi - Vj G E;3Gn„|„ ^>o/?, then i < j, 

(4) given 7 G wt(W„), (vF^/wi'^) = for i > 0. 

We use induction to show that there exist g^|oo-submodules W^'^'^ of K{gj^^^, A) 
{i > 0) such that {0} = W^^^ C W^^^ C W^^^ C • • • and tXn{W^''^) = W^^ for i > 1. 

Suppose that i = 1. Let wji^^ be a g,„|„-highest weight vector of wji'\ Since we 
may regard K{q^\^,A) C K{q^\^,A) and E:(g„|o^, A) is an integrable l„|oo-module, 
Vn^ is also a g„|oo-liighest weight vector. We put VF^^) = f^(0„|oo)'^" ^ where g~|^ 
is the subalgebra generated by for /3 G n^i^x^. By construction, it is clear that 
tr„(W(i)) = Vf4'^ 

Suppose that there exist W^^^ C ••• C such that tr„(W'('=)) = VF^''^ for 

/c = 1, . . . , i — 1. Let Vn^ be a gm|„-highest weight vector of Wn^ /Wn ^\ Then by 
the same argument as above, Vn^ is also a gm|oo-highest weight vector. Let VF^*) 
be the g^ioo-submodule of K{q^\^, A) generated by and Vn\ Note that 

= U{Q^^^)v^n^ and hence tr„(VF(*)/H^(^-i)) = wj^^ /W^'^'^K By the 

exactness of tr^ and the induction hypothesis, we have iXn{W^'^^) = Wn\ This 
completes the induction. 

Now, if we put W = U>i^^'^ then tr„(VF) = Wn. Since tr„(K(B„|oo, A)) = 
-^(0m|n;A) and tr„ is exact, it follows that iXn(y{Q^^^, A)) = y(g,„|„,A), where 
^(0m|oo, A) = K{q^\^,A)/W G 0(m|oo). □ 

Theorem 3.11. Let M be a highest weight Q„^^n-^odule in 0^'^^{m\n). Then M is 
isomorphic to L(g„|„, A„|„(A, ^)) for some {X,i) G ^{Q)m\n- 

Proof. Let be a highest weight vector of M with highest weight 7. By (2) in 
the definition of 0^^^{m\n) and [9l Theorem 3.27], M is semisimple over gl^in •= 
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Qlm\oo^Qm\n and V is also a highest weight vector of a polynomial module over gim\n^ 
which implies that 7 = A^|„(A,£) for some A € ^ and i G Z>o- Furthermore, we 
have {X,£) G ^{Q)m\n by the condition (3) in C'*"*(m|n). 

Suppose that M is not irreducible. Let be a proper maximal submodule of 
M. Choose a highest weight vector v' with maximal weight t] of N. By the same 
argument in the previous paragraph, we also have r] = A„|„(|U,£') for some (/i,/) G 
'^{5)m\n- Since r? G 7 - I]/3gn„|„ ^>o/3, we have f = i. 

Next, by Lemma [3.101 there exists a highest weight module M,^^^ G 0(m|oo) with 
highest weight A^i^{X,i) = A^|„(A,^) G such that tr„(M^|oo) = M. Here 

we may assume that Jm\oo = -^m|oo \ {0}- Then by [TJ Theorem 4.6 and Proposition 
5.3], there exists a highest weight module Mm+oo G 0{m + 00) with highest weight 
Am+oo(A,^) G such that J'(M„+oo) = M^|oo- 

Note that M is a semisimple [„|„-module and v' generates a highest weight 
[m|n-submodule L([m|n) ^m|n(^; ^))- Since M^^^ is a semisimple [m|oo-™odule and 
trn(L(lm|oo, = L(lm|n, Am|n(Ai,^)), we concludc that the multiplicity of 

-^^(fm|oo; ^m|oo(^; ^)) -^m|oo is non-zero. This implies that the multiplicity of 
L{lm+oo, -^m+ooifJ-, (^)) in ^m+oo IS also non-zero by (|3.ip . In particular, we have 

Now, consider the Casimir operator Q on Mm+oo- By |20^ Lemma 9.8], we have 

(A,^) + 2p|A^+oo(A,^)) = (A^+oo(/^,^) + 2p|A„+oo(/i,^)), 

where p is the Weyl vector for Qm+oo- On the other hand, by [201 Lemma 10.3], 

which is a contradiction. (The arguments for the case of 3 = b* is almost the 
same.) Therefore, M is an irreducible highest weight module with highest weight 
A^lJA,^). □ 

For M G 0{m\n), let M* = 0^M*, where M* = Homc(M^,C). We define a 
gm|n-niodule structure on M* by {m,uf) = (— /), for / G M* and 
homogeneous elements u G 0m|n) ^ Note that (M*)* = M and M* is a lowest 
weight module with lowest weight —A if M is a highest weight module with highest 
weight A. In particular, L(g^|„,A)* is the irreducible lowest weight module with 
lowest weight —A for A G P^, . 

° m\n 

Theorem 3.12. 0^^^{m\n) is a semisimple tensor category, whose irreducible ob- 
jects are L{g^^n, ^m\n{X, i)) for {X,£) G ^{Q)m\n- 
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Proof. Suppose that M € 0^^^{m\n) is given. Let v be a maximal weight vector 
with highest weight //, and let = ?7(0rn.|n)f^ = ^(Sm|n)^' Theorem 13.111 we 
have /i = A„|„(A,^) for some (A,£) G ^(g)m|„ and N ^ L(0„|„, A^|„(A, ^)). 

Let V* G M* be such that = 1, and let L = U{Qrn\n)v* = U{g^^^)v* C 

M* , which is a lowest weight module with lowest weight — A^|„(A,^). Then L* € 
0^^^{m\n) and hence isomorphic to L(gf„|„, Am|„(A, £)) by Theorem 13. Ill By taking 
dual of the embedding L ^ M* and then composing with ^ M, we have 

(3.6) N — > {M*y — > L*. 



Since v maps to a non-zero vector in L* and L* = N, (|3.6p gives an isomorphism 
of onto itself by Schur's lemma, which implies that the short exact sequence 
— y N — > M — > M/N — y splits and M ^ TV M/N. Therefore, M is 
completely reducible. 

Finally, it is clear that 0^'^*{m\n) is closed under tensor product. This completes 
the proof. □ 

Remark 3.13. The arguments for Theorems 13.111 and 13.121 are also available when 
n = oo, which give alternative proofs of Theorem 13.71 and Corollary] 



4. Category 0''-^^{m\n) over the quantum superalgebra t/g(0m|n) 

In this section, we consider the g-analogue of a module in 0*"*(m|n) over the 
quantized enveloping algebra ?7g(0m[n)j and prove its semisimplicity. 

4.1. The quantum superalgebra C/g(3m|n)' From now on, we assume that n G 
Z>o U {cxo}. Let A = (oij) = {{l^i ■, the generalized Cartan matrix for 

Qm\n- Let 

be the weight lattice and dual weight lattice, respectively, where r = 1 for g = c and 
r = 2 otherwise. 

Let q be an indeterminate. Put qi = g** for i € /m|n) and 

[r], = ^I^, [r],! = n[%, 
qi - t=i 

for r > 0, where Sj = — Sj (see Remarks 15.11 and 18.11 for the difference when we use 
Sj instead of s-i (12. 3j) ). 

The quantum superalgebra ?7q(gm|n) is the associative superalgebra (or Z2-graded 
algebra) with 1 over Q(q') generated by e^, /j (i G Im\n ) and q^ {h ^ ^mln )' which 
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are subject to the following relations [33] : 

deg(Q'^)=0, deg(eO = deg(/,) = |ft|, 
^° = 1, q^^^'=q\^\ 

ZiZj - (-l)l'^'ll'^^lzjz, = 0, if aij = 0, 

J]] ^Zj-zf =0, if i ^ and aij 7^ 0, 

r=0 

ZoZjZqZi + ZyZo^i -^0 + -ZO-Zl -^0-^1 + Z^ZO^T^O - {Q + <r^)zoZjZ\Zo = 0, 

for z, j G /i, /i' G P^i^ and z = e,f, where tj = q-''^'^^ and -* = -^f-r for r > 0. 

Let (resp. C/~) be the subalgebra of C/g(Bm|n) generated by (resp. /j) for 
^ £ -^m|n aiid C/q the subalgebra generated by for h G We have trian- 

gular decomposition C/g(0m[n) — ® ® C^g''as a Q(5)-space. There is a Hopf 
superalgebra structure on C/g(Bm|n)) where the comultiplication A is given by 

A{q^)=q^^q\ 

A(/i) = /i®l+ti(8)/i, 

the antipode S is given by S{q^) = q^^, S{ei) = —eiti, S{fi) = —t^^fi, and the 
counit e is given by e{q^) = 1, e(ej) = e{fi) = for /i G -P^|„ and i G /mln- We will 
also need the following subalgebras of C/g(0m|n): 

Uq{Qlm\n) = { ^i, fi,q'^^'' \ i G Im\n \ {m}, a G Irn\n ) , 
Uq{Qim\o) = { ei, fi,q^'^" I « e ^m|0 \ 1^} , a G {Im\n)0 ) , 
Uq{Qlo\n) = { ei, fi^q^^'' I « G 4|n, a G (Jm|n)l ) , 

where = { m, . . . , T } and /o|„ = Im\n \{rn, . . . ,1,^}. 

4.2. Classical limit. We can define the notion of a highest weight C/q(0^|„)-module 
by the triangular decomposition of ^/^(gmjn)) and consider its classical limit in the 
same way as in symmetrizable Kac-Moody algebras. We leave the detailed verifica- 
tion to the reader (see [T6| [29]). 
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For a [/g(gm|„)-module M and 7 G -Pm|ni let = {■m\q^'-m = q^^'^'^m (h G 
Pm\n) } C M and wt(M) = {76 | / 0}. Suppose that M is a C/g(g^|„)- 
module generated by a highest weight vector u of weight A € -Pm|n- Then M = 
0„ My, where the sum is over u G A — y'flfzn ^>o/3- 

Let A = Q[q, q^^]. Let Ma be the A-span of fi^--- fi,.u for r > and ii, . . . , € 
and M^,A = MaHM^. Then Ma = 0^ M^,a, and rankAM^^A = dimQ(g) M^. 
One can check that the A- module Ma is invariant under ej, fi, q^ and "^glg-i for 
i G and h € Set M = Ma ®a C and M^ = M^,a ®a C. Here C is 

understood to be an A-module where f{x) ■ c = /(l)c for f{x) G A and c G C. We 
have M = 0^ M^ with dime M^ = rankAM^.A- 

Recall that the enveloping algebra ?7(0m|n) is isomorphic to the associative su- 
peralgebra with 1 over C generated by xf (i G Im\n) aiid h G -P^j^ subject to the 
following relations [331 Theorem 10.5.8]: 

deg(/i) = 0, deg(x±) = |A|, 

[h, h'] = 0, [/i, xf] = ±{h, (3i)xf, [xt,xj] = 5,jP^, 

[z„ zj-] = 0, if a^j = 0, = 0, if i / and a,^- / 0, 

r=0 

Z0^Y-20-2;i + ZjZqZiZq + ZqZiZqZj + Zi Zo-^T^O " "^ZoZjZiZo = 0, 

for i,j G and /i, /i' G P^^j^, where z = x^ and z^^^ = ^ for r > 0. Here 

[ , ] denotes the superbracket [u,v\ = uv — (— for homogeneous elements 

G U{Qm\n)- 

Let ej, /j and /i be the C-linear endomorphisms on M induced from Cj, and 
'^qlq-i for ^ £ -^m|n ^iid ^ ^ ^m|n' ^^^^ subalgebra of Endc(M) generated by 

them. Then there exists a C-algebra homomorphism from C/(0m|„) to Uj^ sending 
xf, x~ and h to ej, /j and h, respectively. Hence, M is a ?7(gm|„)-module with 
highest weight A, which is called the classical limit of M. 

4.3. The category 0''q^{m\n). 

Definition 4.1. Let 0'^ff^{rn\n) be the category of ?7g(0m|n)"™odules M satisfying 

(1) M = 0^ep^|,^ and dimM^ < oo for 7 G P^ln, 

(2) wt(M) C ULi (^*Am + EaGj„|„ ^>o^a) for some r > 1 and G Z>o, 

(3) /m is locally nilpotent on M. 

For A G Pm\ni let Lq(0^|„,A) denote the irreducible highest weight Uq{Q^\n)- 
module with highest weight A. 



22 



JAE-HOON KWON 



Theorem 4.2. Let M he a highest weight Uq{Qm\n) -''module in 0^^^{m\n). Then M 
is isomorphic to L<y(0^|„, A^|„(A, £)) for some {XJ) G =^(g)m|„. 

Proof. By Section the classical limit M is a highest weight module in O'-^^ {m\n) . 
By Corollary 13.81 and Theorem 13. IH M is isomorphic to L(3^|„, A„|„(A, £)) for some 
(A,£) G ^{Q)m\n- Since dimQ(g-) My = dime for 7 G Pm\m this forces M to 
be an irreducible highest weight module with highest weight Am|„(A,£), that is, 
M^Lg(0^l„,A„l„(A,£)). □ 

Let M G 0'^\m\n) be given. Let M* = @^^p M* with M* = HomQ(q)(MA, Q(g)). 
Define a ?7g(5m|„)-module structure on M* by {m,uf) = (— (5(u)m, /) for 
/ G Af* and homogeneous elements u G C^q(0m|n) a^^d m G M. Also, let M*' 
be another ?7g(0m|„)-module with the same underlying vector space as M*, where 
the action is given by {m,uf) = {—l)^^^^^^{S~^{u)m,f). By definition, we have 
(M*)*' ^ M ^ (M*')*. 

Let A^ = (o = *')*)• Then A^ is a lowest weight module with lowest weight 
—A if M is a highest weight [/^-module with highest weight A G Pm\n- I^i particular, 
we have Lq{Q^\^,Ky (o = *) is the irreducible lowest weight module with lowest 
weight —A. 

Theorem 4.3. C'*"*(m|n) is a semisimple tensor category, whose irreducible objects 

are Lq{Qrn\n,-^m\n{\i)) for {X,£) G ^{Q)m\n- 

Proof. The arguments are almost identical to those in Theorem 13.121 Let M G 
0*"'*(m|n) be given and let A^ be a submodule generated by a maximal weight 
vector V with highest weight fi. By Theorem 14.21 we have fi = A„|„(A,£) for some 
(A,^) G ^{Q)m\n and N ^ Lg(0^|„, A„|„(A,£)). 

Let V* G M* be such that {v,v*) = 1, and let L be lowest weight submodule of 
M* generated by v* with lowest weig ht -A^|„(A,£). Then L* G Of\m\n) and 
it is isomorphic to Lg(0m|„, Aj„|„(A, ^)) by Theorem 14.21 As in (|3.6p . the dual of 
the embedding L ^ M* with respect to *' yields a left inverse of the embedding 
A^ ^ M, which implies that M = N (B M/N and hence M is semisimple. 

It is clear that 0^^^{m\n) is closed under tensor product, and therefore it is a 
semisimple tensor category. □ 

5. Crystal base of a (7-deformed Fock space 

In this section, we recall the crystal base theory for contragredient Lie superalge- 
bras [21 Section 2.3], and consider a crystal base of a g-deformed Fock space Yq over 

Uq{9m\n)- 
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5.1. Crystal bases. Let M be a f7q(gm|n)-™odule in 0^^''^{m\n). 

First, suppose that i G 1^1™ \ {0} is given, that is, j3i is an even simple root. For 
u G M of weight A, we have a unique expression 

fc>0-(/3^A) 

where ejUfc = for aU A; > 0. Then we define the Kashiwara operators ej and fi as 
follows: 

(1) For i e /„|o, 

where h = {l3^ , A + /eft) for A; > 0. 



(2) For i G /o|n, 



k k 

Next, suppose that i = 0, that is, ft is an odd isotropic simple root. We define 

cqu = eou, fou = qofoto^u- 

Now, let A denote the subring of Q{q) consisting of all rational functions which 
are regular at g = 0. Then a pair (L, B) is called a crystal base of M if 

(1) L is an A-lattice of M, where L = ^xeP | with L\ = Lr\ M\, 

(2) ejL C L and /jL C L for i G -fm|ni 

(3) S is a pseudo-basis ofL/qL (i.e. B = B'U {-B') for a Q-basis ofL/qL), 

(4) = UAeP„|„ with Bx = Bn {L/qL)x, 

(5) e^BcBU {0}, fiBcBU {0} for i G 

(6) for b,b' £ B and A: G /m|ni /i^ = b' if and only if 6 = iib' . 

The set -B/{±1} has an /„|„-colored oriented graph structure, where 6 A 6' if and 
only if fib = b' for i G Im\n and 6,6' G B/{±1}. We call i?/{±l} the crystal 
of M. For b G B and i G /m|n; we set ei{b) = max{r G Z>o | e^6 / 0} and 
ipi{b) = max{ r G Z>o | fjlb 7^ }. We denote the weight of 6 by wt(6). 

Remark 5.1. A crystal base {L,B) of a C/q(gm|n)-™odule is also a crystal base 
as a J7g(0[^|„)-module in the sense of [2], which in particular implies that it is a 
upper crystal base of M as a C/g(g[^|o)-module, and a lower crystal base of M as a 
^g(s^o|n)"™odule (see [2| Lemma 2.5]). 
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Let Mi ( z = 1, 2 ) be a C/g(gm|„)-module in 0^^^{ni\n) with a crystal base (Lj, Bi). 
Then (Li (g) L2,-Bi (g) B2) is a crystal base of Mi (g) M2 O Proposition 2.8]. The 
actions of Cj and /j on i?i (g i?2 are as follows. 

For z G /o|„, we have 



ei(&i (g 62) 

(5.1) 

For i € /m|0) we have 

hibi (g 62) 

(5.2) 

/i(bi ^'^2) 
For i = 0, we have 

eo(6i (g 62) = 

(5.3) 

/o(fei O&2) = 



(cjfti) (g 62, if ipi{bi) > £1(62), 

&i(g(ei62), if v?i(6i) < £4(62), 

{{fibi)®b2, if 99i(6i) > £^(62), 

bi^ifibi), if Vt{bi) <ei{b2). 

bi^ieM), if V'i(&2) > ei(&i), 

(ei6i) (g 62, if ipi{b2) < ei{bi), 

bi^U-M), if Lpi{b2) > Siibi), 

{fibi)®b2, i^<f^{b2) <ei{bi). 

±bi®ieob2), if (/3o^,wt(62)) >0, 

(6061)^62, if (/3o^,wt(62)) =0, 

±&i®(/o&2), if (/3o^wt(62)) >0, 

(/obi)® 62, if (/3o^wt(62)) =0. 



5.2. g-deformed Clifford- Weyl algebra. Let £/q be an associative Q(g)-algebra 
with 1 generated by ipa, V'a; and for a £ ±Jm|n subject to the following 
relations: 

UJaUJb = ^b^a, Wa^^"^ = 1, 

V'aV'fe + (-l)l"ll''IV'fe^a = 0, CVfe + (-l)l'^ll'IV'JC = 0, 

Here [q'^u^^] = '^"'^Z^-i ^° for A; G Z and a € ±J[„|„. Note that the subalgebra 
generated by ipa, ipl and oj^^ for a E ±(JImln)o (resp. ±(Jm|n)i) is a g-deformed 
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Clifford algebra (resp. g-deformed Weyl algebra) introduced by Hayashi [11]. Let 
(resp. s^q) be the subalgebra generated by V'a, V'a for a G —Jm\n (resp. a G 



n|n)' 

Let be the iz^^-module generated by [0) satisfying 

V'_a|0) = VfcIO) =0, ^^_aIO) = |0), WfelO) 



for a,6 G Jm|n- Let (resp. be the i2/g~-submodule (resp. =2/^+-submodule) 

of generated by [0). 

Let B be the set of sequences m = (m-a) of non-negative integers indexed by 
Jmln U (~Jm|ra) such that < 1 for \a\ = 1. For m = {ma) G B, let 



■011 



where the product is taken in the order of < on 1^ and 



r ! 



*{r) 



r ! 



for fc, r > 0. By similar arguments as in 



with [r]\ = [r]... [1] and [k] 

Proposition 2.1], we can check that is an irreducible ^-module with a 
Q(g)-linear basis { 0m|O) | m G B }. 

Let B~ (resp. B+) be the set of m = (ma) G B such that nia = for a G Jm|n 
(resp. a G —Im\n)- Then { V'mlO) | m G B^ } and { V'm|0) | m G B+ } are Q(g)-bases 
of and ^g^, respectively. 

Let us describe an action of Uq{Qi^^„) C ^^g(0m|n) on ^q- For i G Im\n \ Put 



i 2 

-1 



if z = A; G /„|o, 
if i = 0, 



a;i+i, ifiG/o|„, 



if i = 0, 
if i = /c G /, 



-1 



1' 



2 



if z = A; G J^io, 
if i = 0, 

if i e /o|n, 

if i = A; G /m|o, 
if i = 0, 



if i G If 



0|n) 



-ipiTpT, if i = 0, 
2 



m|0) 



V'-FTT'^-fc' if ^ = ^ G ^m|o, 



-i-l! 



if i = 0, 
if i G Io|n- 
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Since i^q itself is an j^/g-module under left multiplication, we may regard t^, 
and fj^ as Q(g)-linear operators on under left multiplication. 

Lemma 5.2. I^'^ has a C/g(g[,„|„)-morfu/e structure : Uq{Q{„^\n) — ^ End(Q)(g)(^^) 
such that 

" i/|a|=0, ±E„^ \^~a^ «/l«l=0, 




i/|a| = l, w-a' «/l«l = l 



/or a G Jm|n '^^'^ ^ € /m|n\{"^}- -f^ere r = 2 w/ien g^|„ = h^^^j '^^^ r = 1 otherwise. 
We understand as an operator given by {uj^'^v)^ for v G 

Proof. Put p^{ti) = if for i G /^i^ \ {m}. We can check that for i,j G Im\n \ {"^} 
and h G 0^pj, ZE'^ 

e±f±_(_i)l/3.ll/3.lf±e± = 5,,.^£^i^£)l, 

9i - 9i 

ef e± - (-l)l^'ll^^^f = ff ff - (-l)lftll^^lff f± = if a., = 0, 

(cf. [m Lemma 3.1]). First, we see that J^p is a f^q(fl[^|o) © f7g(g[o|„)-module by 
[25l Proposition B.l] since ej,/j are locally nilpotent on for i G I^in \ {m, 0}. 
Also, it is straightforward to check that and f^^ (i = 1,0,1) satisfy the other 
relevant relations in C/g(0lm|n)- This implies that ^p is a f7g(0[„|„)-module. □ 

5.3. Crystal bases of (/-deformed Fock spaces. Let us put 

^g, if = C, 



(5.4) Yq 



^P, if0 = f, 

_^+^^+, if0 = b'. 

Proposition 5.3. Yq has a Uq{Qrn\n)-f^odule structure p : ?7g(0m|„) — > EndQ)(g)('^) 
as follows: for a G Sm\n ^"i^d i G Im\n> 
(1) if Q = c, then 



p{q^E^) = p+{q^^^)p-{q^'^^), piq"") = q, 

ij-mipw^ ifi = m, J V'fnV'-m> ifi = m, 

e-(t+)-i + e+, ifi^m, U~+t-f+, ^/^y^m. 
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(2) if Q = b, then 

i'm^ ifi=fn, 



Pi^i) 



pUi. 



-fe, ifi = m, 
f+, ifi^m, 



(3) if Q = '0, then 

Piq^''^) = pHq^'^^l Pie"") 
V'^V'^, ifi = m, 



p{ei 



ifi^m, 



Pih 



-'4>mil^^, ifi = m, 
f+, ifi^m, 



(4) if Q = h*, then 



piQ 



2K\ 



q <S) I 



P{ei) 



Pih) 



m, 



ifi^m, 



{ijjm (8) 1 + p{tjn) fe) ifi = m, 

if i ^rn. 



f+ + t+f+ 



Here p is as in (2) and a is a Q{q)-linear operator on ® defined by 



a(V'm|O)0Vm'|O)) = (-1)' 

for m = (m-a), m' = {m'^) € 



V'mlO) OVm'IO), 



Proof. The proof is almost the same as in Lemma |5.2[ So, we leave the details to 
the readers. □ 

Corollary 5.4. We have = (8> as a module over ?7g(0fm|ra) C Uq{Cm\n)- 

Proof. It follows immediately from comparing the actions of Uq{Ql^^^) in Lemma 
15.21 and Proposition 15.31 □ 

Corollary 5.5. 1^®^ is completely reducible for £ > 1. 

Proof. By Proposition [Ol % G 0'^\m\n) with ■wt{'rq) C ^A^f + EaeJ„|„ ^>o'5a 
with £ = 1,2. By Theorem 14.21 ^"^^ ^ 0'^^^{m\n) and hence is completely reducible. 

□ 



28 



JAE-HOON KWON 



Put 

if = ^ AV'mlO), SS={ ibV'mlO) (mod q^) | m € B } , 

meB 

if^= ^ AV'mlO), ^^ = {±Vm|0) (modgif)|mGB±}. 

meB± 

Theorem 5.6. The following is a crystal base of 'fq. 

ifg = c, 

^(if+ (g)if+,=;^+ (g)^+), ifQ = b'. 

Proof. Suppose that g = c. It is clear by definition that if is an A-lattice of 
^g. We first claim that {^^,^^) is a crystal base of as a C/g(3[^|^)-module, 
and hence (if, is a crystal base of as a C/q(g[m|„)-module by Corollary 15.41 
Consider (if"*", i^"*"). The proof for (if~,^~) is the same. 

Let a G Sm\n with \a\ = 1 be given. Then for m > 1, vi™'* is a highest weight 
vector with respect to {ea, fa,t^^) — f^q(sb)- We have 

= i)[r"+'a;J|0) = i)V^„+i|0). 

Similarly, we have 

for 1 < k < m. This implies that if^ is invariant under 6^ and /a for a £ /o|n- 

On the other hand, if"*" is invariant under Cq and /a for a € /^|o since the 
weight of V'mlO) with respect to {ca, fa,t^'^) = Uq{5l2) is minuscule for m E B"^ and 
a = m — 1, . . . , 1. Also, we observe that for m > 1 

2 2 2 2 2 

which implies that if"*" is invariant under cq and /q. Therefore, if"*" is invariant 
under ej and /j for z E /f„|„\{r?T}. It is straightforward to check the other conditions 
for (if"^,^"*") to be a crystal base of c!^^ as a C/g(gl^|„)-module. This proves our 
claim. 

By Corollary [531 i-^,^) is isomorphic to (if" ® if"*",^" as a crystal 
base of the [/g(g(^|„)-module where V'm- |0) ® ^^111+ 10) is mapped to V'm-V'm+lO) 
for € B^. 
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Finally, for m G B, the weight of "^mlO) with respect to {em, fm,t^) — Uq{5l2) 
is minuscule, and hence ^ is invariant under ejn and fm- For example, for m with 
rua = when a = ±fn 

where m' = (m^) € B is such that = 1 for a = ±.rn and ni'^ = ma for a ^ ±m. 
Therefore, we conclude that ^) is a crystal base of 

We omit the proof for g = b,t) since it is similar to the case of g = c. Since 
the action of Uq{bjn\n) on is the same as Uq{b'^^^) except fm by scalar 
multiphcation, (g) (g) is a also crystal base of fq when g = b*. □ 

Corollary 5.7. For i > 1, 'f®^ has a crystal base. 

6. Orthosymplectic tableaux of type B and C 

In this section, we introduce our main combinatorial object called orthosymplectic 
tableaux, which play a crucial role in the next sections. 

6.1. Semistandard tableaux. We assume that ^ is a linearly ordered set with a 
Z2-grading ^ = U ^i. When ^ = N, we assume that No = N with a usual linear 
ordering. For a skew Young diagram A//x, a tableau T obtained by filling A//i with 
entries in A is called ^-semistandard if (1) the entries in each row (resp. column) 
are weakly increasing from left to right (resp. from top to bottom), (2) the entries 
in ^0 (resp. ^i) are strictly increasing in each column (resp. row). We say that the 
shape of T is A//i, and write sh(T) = A/^u. The weight of T is the sequence {'ma)a&A-, 
where is the number of occurrences of a in T. We denote by SST^{X/ fi) the set 
of all ^-semistandard tableaux of shape Xf/j, (cf . [13] ) . 

Let = { I a € A} be the set of formal commuting variables indexed by 
A. For A € let sxixX) be the super Schur function corresponding to A, which 
is the weight generating function of SST_a{X), that is, s\{xj^) = "^j^x^, where 
= ria and {ma)aeA is the weight of T. 

For T £ SSTy\^{X) and a G ^, we denote by a — > T the tableau obtained by 
applying the usual Schensted column insertion of a into T (cf . [Sj [13] ) . For a finite 
word w = wi . . . Wr with letters in A, we define {w ^ T) = {wr {■ ■ ■ {wi — )• T))). 
For an ^-semistandard tableau S of skew Young diagram shape, let w{S) be the 
word obtained by reading the entries of S column by column from right to left, 
where in each column we read the entries from top to bottom. We define (5 — > T) = 
{w{S) — )■ T). We denote by w'^^^{S) the reverse word of w{S). 
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6.2. Combinatorial i?-matrix. For a single-column shaped tableau S, let S{i) 
(i > 1) denote the i-th entry from the bottom, and ht(5) the height of S. 

For k, I € Z>o with k > I, let us describe a bijection [22, Example 5.9] 

(6.1) R : SSTj^il'') X SSTj^{l^) SSTj^{l^) x SSTj^{l''), 

which preserves the Knuth equivalence (cf. [21 Section 4.4]). It coincides with a 
combinatorial i?- matrix when A = Aq |30| . 

Let (5, T) £ SSTa{1'') x SSTa{1^) be given. We choose the entries S{h), S{ii) 
in S inductively as follows: (1) If T(l) G Aq (resp. Ai), then let S{ii) be the largest 
one which is no greater than (resp. less than) T(l). If there is no such entry, then 
put ii = 1. (2) For 2 < n < /, if T{u) € Aq (resp. ^i), then let S{iu) be the largest 
one in { 5(1), . . . , S{k) } \ { S{ii), . . . , S{iu-i) } which is no greater than (resp. less 
than) T[u). If there is no such entry, then choose S{iu) to be the largest one in 
{ S'(l), . . . , S{k) } \ { S{ii), . . . , S{iu-i) } at the lowest position. Then we have 

R{S,T) = {T\S^), 

where T" is the tableau of shape (l') having { S'(ii), . . . , S{ii) } as its entries after 
rearrangement with respect to the ordering on A, and 5" is the tableau of shape 
(l'^') obtained from S by replacing with {S{ii), . . . , S{ii)} with { r(l), . . . , r(/) } 
and rearranging the entries. 

Remark 6.1. In particular, if the pair {S,T) forms an ^-semistandard tableau U 
of shape [k, /)', then (r» ^ S») = U. 

6.3. Signature of a two-column shaped tableau. Let us first recall a combi- 
natorial algorithm often called signature rule. Let a = (cri, (T2, . . .) be a sequence 
(not necessarily of finite length) with fjj G { + , — , • } such that di = + or • for 
i 3> 0. Then we replace a pair {aj,aj') = (+,— ) in a, where j < j' and a" = ■ 
for j < j" < j', with ( • , • ), and repeat this process as far as possible until we get 
a sequence with no — placed to the right of +. We denote the resulting reduced 
sequence by a. 

Let w = wi . . . Wr he a finite word with letters in N. Fix /c G N. We associate 
a sequence a = (o"i, . . . ,0"^), where crj = + (resp. — ) ii Wi = k (resp. k + 1) and 
cjj = • otherwise, for 1 <i <r. We say that the k-signature of w is (a, 6), where a 
(resp. b) is the number of — 's (resp. +'s) in a. For an N-semistandard tableau T, 
we define the k-signature of T to be that of w{T) 

Let Si and S2 be single-column shaped ^-semistandard tableaux. Let w = 
w{S2)w{Si) with 10(82) = wi . . . Wr and w^Si) = Wr+i ■ ■ ■ Wg- Given U € SSTj\^{fj.) 
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(/X G let 

P{Si,S2;U) = {Si^{S2^U)). 
Suppose that A = sh(P(S'i, S2; C/)). Define 

Q(Si, S2; 

to be a tableau of shape A'//x' with entries in {k, k + 1} such that sh(tt;i . . .Wi — )• 
Uy / sh{wi . . . Wi-i —7- Uy is filled with k (resp. A; + 1) for 1 < i < r (resp. 
r + 1 < i < s). We have Q{Si, S2;U)[j.] G SST^k f.^ij{X' / fi') by definition. The 
correspondence (^i, 5*2) 1-^ {P{Si, S2; U),Q{Si, S2; t^)[A;]) is reversible and hence one- 
to-one by reverse bumping. 

We define the signatore of {81,82) to be the A:-signature of (5(S'i, ^2; Indeed, 
if (a, b) is the fc-signature oiQ{8i , 82;U) [^j , then we can check by standard arguments 
(cf. [HI Chapterl]) that it does not depend on the choice of U. In particular, if 
[/ = 0, then A = (r + a, r — 6)' with a + (r — b) = s. This means that r — b entries 
in ^2 are bumped out and s — (r — 6) entries in Si are placed below the bottom of 
5*2 when 81 is inserted into 82- 

For a,b,c G Z>o, let 

A(a, 6, c) = (2^+^ l")/(l'') = {a + b + c,b + cy/{by, 

which is a skew Young diagram with two columns of heights a + c and b + c. For 
example. 



A(l,3,2) = 



Let be a tableau of shape X{a,b,c), whose column is >l-semistandard. For 
i = 1,2, let 8i be the i-th column of 8 from the left. 

Lemma 6.2. Under the above hypothesis, S is >l-semistandard of shape X{a,b,c) 
if and only if the signature of (5i, ^2) is {a — p,b — p) for some < p < min{a, b}. 

Proof. Suppose that 8 is >l-semistandard. Let wi . . . Wb^c (resp. Wh+c+i ■ ■ ■ Wa+b+2c) 
be the subword of if (5*) corresponding to the entries in 52 (resp. 81). Given 
U € S8Tj{{fi), let is (1 < s < b + c) be the row index (enumerated from the 
top) of 1 in Q(Si, S2; t^)[i] corresponding to Wg and (1 < t < a + c) the row 
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index of 2 in Q{Si, S2; ^)[i] corresponding to wt+b+c- Note that ii > . . . > ib+c and 

jl> ■■■> ja+c- 

Since S is ^-semistandard, we have ib+u < ju for 1 < u < c, which implies that the 
cancellation of (+, — ) or (1, 2)-pair occurs mw = w{Q{Si, S2; at least as many 

as c times. Hence the 1-signature of w is {a — p,b — p) for some < p < min{a, b}. 

Conversely, suppose that S is not ^-semistandard. We can choose p > 1 such 
that there exists S € SST_4^{X{a + p,b + p,c — p)) whose columns are the same as 
those of S. We assume that p is minimal among such ones. Then by the minimality 
of p, we can check that ji < ib+p and hence the 1-signature oi w is {a + p,b + p), 
which is a contradiction. □ 

6.4. Combinatorial i?-matrix and recording tableaux. Let us define an oper- 
ator Tfc on a finite word w with letters in N. Let w be given with the /c-signature 
(a, 6), and let a and a denote the associated sequences of +, — , -'s defined in Section 

If a < 6, then we define Vf^w to be the word obtained by replacing k corresponding 
to the leftmost {b — a) +'s in a with k + 1. If a > 6 then we define r^w to be the 
word obtained by replacing k + 1 corresponding to the rightmost (a — b) — 's in a 
with k. Then the fc-signature of rkW is (6, a) in both cases. Note that is the Weyl 
group action on the tensor product of the crystal of the natural representation of 
Uq{5\2) {k ^ k + 1) with respect to the tensor product rule (15. ip . 

Also, we define QkW to be the word obtained by replacing k + I's in which do 
not come from a cancelled pair (+, — ) in cr, with fc's. Note that the /c-signature of 
QkW is (0, a + b)^ and g^w = r^w when b = 0. 

For an N-semistandard tableau T, we define rk{T) (resp. QkiT)) to be the tableau 
obtained from T by applying (resp. gk) to w(T), that is, w{rk{T)) = rk{w{T)) and 
w{gk{T)) = gk{w{T)). Note that rfc(T) and gk{T) are well defined N-semistandard 
tableaux. 

Now, let S G SSTjx{X{a,b,c)) be given, and let Si be the i-th. column of S from 
the left {i = 1,2). Suppose first that 6 = 0. Let 

{Ti,T2) = R{Si,S2) G SSTj^il') X 5Sr4(l'^+^), 

where R is the combinatorial i?-matrix in (16. ip . The signature of {Si, S2) is (a, 0) by 
Lemma [6^ and the signature of (Ti,T2) is (0, a). Let U G SST^{X) be given with 
A G By considering the bumping paths in the insertion of (Si {S2 U)) and 
the definition of R, we have the following. 
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Lemma 6.3. Under the above hypothesis, 

rkQ{Si,S2]U\k\ = Q{Ti,T2;U)ik]. 

Next, we suppose that 6 > and the signature of {Si, S2) is (a, b). Let S = {Si 
S2) € SSTj({X{a + b, 0, c)) with Si the z-th column of S from the left {i = 1,2). Let 

{Ti,T2) = R{Si,S2) G SSTa{1') X SSTa{1''+^+'). 

Lemma 6.4. Under the above hypothesis, 

QkQ{Si,S2;U)^^ = Q{Ti,T2;U)[^. 

Proof. Let S'g"™ be the subtableau of 5*2 consisting of S2{i) for 1 < i < c, and let 
be its complement in S'2. Then (S'i,S'2°™) forms an ^-semistandard tableau of 
shape X{a,0,c). Let {Vi,V^°'") = G SSTa{1'') x 55T4(P+^). 

Put U* = {S^^ U) and /u = sh(;7*). Let Qi be the tableau of shape ^'/X' filled 
with k and let Q2 = (5(S'i, £'2°™; f^*)[A;] > which is of shape v' / ^i' with v = sh(S'i — )• 
(52°™ ^ t^*))- We see by definition that the tableau Q obtained by glueing Qi and 
Q2 is equal to Q{Si, S2;U)[kY 

By Lemma Ea we have rkQ{Si,S)f^;U*\k] = Q{Vi,V^°^;U*\k]- Also we see 
that each + 1 in Q2, which is replaced by k under r^, is always to the east of /c's 
in Qi, since the /c-signature of Q is (a, 6). This implies that the tableau obtained 
by glueing Qi and rkQ2 is equal to QkQ- Hence, if V2 is the single column tableau 
of height a + b + c obtained by placing below Sj^, then V2 is ^-semistandard, 
and Q{Vi,V2; U)[k] = QkQ-^ 

Since {Vi — )■ V2) and S are Knuth equivalent, we have iVi V2) = S. Fur- 
thermore, Vi = Ti and V2 = T2, since (Ti T2) = S and there exist unique 
{Yi,Y2) € SSTa{1'')xSSTa{V^^^'') such that {Yi ^Y2) = S e SSTA{X{a+b,0,c)). 
Therefore, we have QkQ{Si,S2; = Q{Vi,V2; = Q(Ti, Ts; U)^^]- □ 

6.5. Orthosymplectic tableaux of type B and C. Let us assume that q = 
b,b*,c. Prom now on, for a two-column shaped .A-semistandard tableau T, we 
denote by and the left and right columns of T, respectively, and often identify 
T with (^^T'^). 

Definition 6.5. Por a G Z>0; we define T^(a) to be the set of ^-semistandard 
tableaux T of shape A(a, b, c) such that 

(1) (6,c) G {0} xZ>o if0 = c, 

(2) {b, c) G Z>o X Z>o and the signature of (T^, T"^) is (a, 6) if g = b, bV 

We define to be the set of .A-semistandard tableaux of shape (1") for some 
a G Z>o. 
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Let T E T^(a) be given with sh(T) = A(a, 6, c) for some a,b,c > 0. Let us define 

Since sh(T'" — t- T^) = X{a + b,0,c) by Definition 16.51 which is of two column shape, 
R{T^ T^) is well defined and (^T,^T) G SSTj^{V) x SST^il''^^^''). Note that 
for = c, we have (^r/r) = R(T^,T^) since (T^ ^ T'^) 
identify T with (0,T) = (^^T'^), and hence = iI),^T = 

Example 6.6. Suppose that A = Smoo- 



T. For T G T^, we 



T^(2) B S = 
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T^(3) 9 T = (T^,T'^) 
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Definition 6.7. Suppose that S G T^^Cp) or T^, and T G T^(g) are given for p < g. 
We assume that p = when T G T^. We say that the pair {S, T) is admissible and 
write S" ^ T if it satisfies the following conditions: 

(1) U{S^)+p< ht(T^), 

(2) ^S{i) < T^{i) for i > 1, 

(3) S^{i + q-p)< ^T{i) for i > 1, 

where the equality holds in (2) and (3) only if the entries are even or in ^o- 

Example 6.8. Let S and T be as in Example 16.61 Then 
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Hence {S, T) is admissible, ov S <T. 



Remark 6.9. The conditions (2) and (3) in Definition 16.71 are equivalent to saying 
that i^S^T^) and {S^,^T) form ^-semistandard tableaux of shape A(a, 6, c) and 
A(a*,6*,c*), respectively, where 



a = 0, 
h = ht(r^) - ht(5^) 
[c = ht(5^), 



b* 
c* 



ht(r^) -ht(S'') -p, 
htiS"") +p-q. 



Now we introduce the notion of orthosymplectic tableaux, which is our main 
combinatorial object. 



(6.2) 



L 



Definition 6.10. Let {X,i) £ ^(g) be given. Let 
£, if = c, 

£/2, if g = b* or g = b with £ — 2Ai even, 

^(^ + l)/2, if = b with £ - 2Ai odd. 

We define T^(A, £) to be the set of T = (Tl, . . . , Ti) in 

X T^(A'^_i) X • • • X T^(A;), if g = b with £ - 2Ai odd. 



X T'^{X[] 



if otherwise, 



such that T/s+i ^ Tj. for 1 < A; < L — 1. We call T € T^(A,^) an orthosymplectic 
tableau of type g and shape (A,£). 

Note that ^(b') £ ^{h) and T^*(A,£) = T\{X,£) as a set for (A,^) € ^(b'). 
Let z be an indeterminate. 

6.6. Schur positivity. For {X,£) € ^(g), put 



E n 



'A ' 



TeT^(A,£) A:=l 

which is the weight generating function of T^{X,£). We will show that S^^^-^{x_a) 
can be written as a non-negative integral (possibly infinite) linear combination of 
s^ixj)- For this, we introduce the following. 



Definition 6.11. Let (A,^) G 



be given with L as in (16. 2p . For fi G 



we define K^^^^^ to be the set of Q € S^Tji 2/,}.(^) with weight (mi, . . . ,m2L) 
satisfying the following conditions: 



• g = c 
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(1) m2k - m2k~i = ^'k for 1 < A; < L, 

(2) m2k > 'm2k+2 for 1 < /c < L - 1, 

(3) the {2k - l)-signature of Q is (A';,,0) for 1 < A; < L, 

(4) the 2/c-signature of r2k+iQ is {0,m2k — "1-2^+2) for 1 < A; < L — 1, 

(5) the 2A;-signature of r2k-iQ is (A'^ - X'^_^_-^ - p, m2k - "i2fc+2 - p) with p > 
for 1 < A; < L - 1. 

• = b, b* 

(1) m2L = if ^ - 2Ai is odd, 

(2) m2fc-i > m2k - X'k > for 1 < A: < L, 

(3) m2k > m-2fc+i + A';,^;^ for 1 < A; < L - 1, 

(4) the (2A; — l)-signature of Q is (A'^, m2k~i — "i-2fc + -^fc) for 1 < A; < L, 

(5) the 2A;-signature of Q2k+iQ is (0,m2A,. — m2k+i — ''^'k+i) for 1 < A: < L — 1, 

(6) the 2A;-signature of Q2k-iQ is (A'^ - A'^^^^ - p, m2k - "i-2fc+i - A'^_^;^ - p) with 
p > for 1 < A: < L - 1. 

Then we have the fohowing. 
Theorem 6.12. For {X,£) € ^(q), we have a weight preserving bijection 

: T9j(A,£) □ SSTM X K^^,,). 

Proof. Let us first prove the case when g = c. 

Let T = {Te,...,Ti) G T^(A^) x ••• x T^(A;) be given. Put Pi = Tf and 
P2 = {Ti — )■ Pi), and define inductively 

P2k-1 = {Tk P2k~2): P2k = (^fc ^ P2k-l), 

for 2 < k < £. Let P = P2£- Suppose that /i = sh(P)'. Define Q to be a tableau in 
SST^i 2£'^{p) such that sh(Pfc)'/sh(Pfe_i)' is filled with k for 1 < A; < 2^, where we 
assume that Pq = 0. Note that the subtableau of Q with entries {2k — 1,2k} (resp. 
{2A:,2A: + 1 }) is Q{Tj:X; P2k~2)[2k-i] (resp. Q{T^^„Tj:; P2k-i)[2k]) for I < k < i 
(resp. 1 < A; < ^ - 1). 

Let (mi, . . . , m2£) be the weight of Q. Then m^'s satisfy the conditions (1) and (2) 
for K^j^^^^ in Definition 16.111 since m2k-i = ht(r^) and m2k = ht(r^) for 1 < A; < ^. 
Also, by Lemma l6.2| Q satisfies the condition (3) since each Tk is >l-semistandard 
of shape X{m2k - m2k-i,0,m2k-i), where m2k - m2fc-i = A'^,. 

For 1 < A; < £, let us define a sequence of tableaux p}''^ {1 < i < 21) in the same 
way as Pj's except 

p(fe) _ (Krp p(fc) N p(k) _ f-Lrp pik) N 

^2k-l — \ -^k ^ ^2k-2h ^2k — \ -^k ^ ^2k-l)- 
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Since {Tj: T^) = (^T^ ^ ^Tk) = Tk, we have P> ' = Pi for i ^ 2k - 1,2k. We 
define Q^^^ in a similar way using pj^^^'s. By Lemma 16.31 we have Q^^^ = r2k-iQ- 
Then by Lemma 16.21 the conditions (2) and (3) in Definition 16.71 imply the the 
conditions (4) and (5) in Definition 16. IH respectively. Hence, we have Q E K^^_^^-j. 

Now, we define '0(a,£)(T) = {P,Q). Since the construction of {P,Q) is reversible, 
it is not difficult to see that ip(x/) is a bijection to the set of pairs (P, Q) with 
P G SSTj^ifi) and Q G K^(a,^) for /u G ^. 

The proof for the case when g = b, b* is almost identical, where we replace with 
Qk and use Lemma [6.41 instead of Lemma [6. 31 We leave the details to the reader. □ 

Corollary 6.13. For {X,l) G ^(fl), we have 

where „^ is the number of tableaux in /^ «\- 

7. Character of a highest weight module in 0^^^{m\n) 

In this section, we show that the weight generating function of T^|„(A,£) is equal 
to the character of Lq(0^|„, A^|„(A, £)) for (A,£) G ^(0)m|n) where = b, b*, c. 

7.1. Combinatorial formula of irreducible characters in 0*"*(m|n). We as- 
sume that = b, b', c. Let Pm+n = 0aeJ™+„ ^(^affi^A^ and = P++^nP„^+n. 
Let <^(0)m+n be the set of (A,£) G ^{q) such that Am+oo(A,^) G Pm+n- Let us 
write Am+n(A,£) = Am,+oo(A,^) for Am+oo(A,^) G P^+„. Let C/q(0m+n) be the quan- 
tized enveloping algebra associated to Qm+n and Lq (0m+n , A) its irreducible highest 
weight module with highest weight A G Pm+n- 
For simplicity, we put 

Tm+n{a) = T5^^^(a), T^+„(A,£) = T5^_^^(A,^), T^Z+n = 

for a G Z>o and (A,^) G ^{Q)m+n- We will first define an (abstract) 0m+„-crystal 
structure on Tm+n(A,^) for (A,^) G ^{Q)m+n, and show that it is isomorphic to the 
crystal of Lg(0m+n, Am+„(A, £)). 

We refer the reader to [12^ and references therein for general exposition on 
(abstract) crystals associated to a symmetrizable Kac-Moody algebra. Note that 
bj^^„ is a Kac-Moody superalgebra, and one can consider abstract b^_,_„-crystals in 
the same way (cf. [IZ]). To avoid confusion with those for ?7q(0m|n); we denote the 
Kashiwara operators on 0m+n-crystals by and fj for i G Im+n, and assume that 
the tensor product rule in this case follows (15. ip . 
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Recall that Jm+n can be identified with the crystal of the natural representation 
of Uq{Ql^j_n) with respect to and fj for i € Im+n \ {rn}, where 



m-l m — 2 10 12 



m — > m — 1 — > ■ ■ ■ — > 1 — > 1 — y 2 — > ■ ■ ■ (n = oo), 

m-l m-2 T _ 1 2 n-1 

m — > m — 1 — > ■ ■ ■ — > 1 — > 1 — y 2 — > ■ ■ ■ — > n (n < oo), 

where wt(a) = 6a for a G Jm+n- Then the set of finite words with letters in Jm+n 
has a g -crystal structure, where each non-empty word w = wi ■■■ Wr is iden- 
tified with wi <Si ■ ■ ■ Wr G (Jm+n)®^- Also, by applying and fi to the word of 
an Jm+n-semistandard tableau, we have an (abstract) 0[^_^„-crystal structure on 
SSTj^_^^{X/ fj.) for a skew Young diagram X/ii [26]. For A S we denote by Hx 
the highest weight element in SST^^_^_^{X). 

Let B denote either T^^„ or Tm+n(a) for < a < m + n. Let us define a 
gm+n-crystal structure on B. 
For T € 0, let 



wt(r) 



rAjn + Y^sam+n '^s^s-, if S = Trn+nia) for < o < m + n, 

m + Z^sGJm+n "'-S'^s, if ^ = T^_,_„, 



where r = 1 for = c and r = 2 otherwise, and (?TT's)sgJm+„ is the content of T. 
Since i3 is a set of Jm+n-semistandard tableaux, it is a 0[„^„-crystal with respect 
to and fj for i E I-m+n \ {jn}, where Ei and (pi are defined in a usual way. So it 
suffices to define 6^: and fm. 

Case 1. Suppose that g = c and = Tm+n('2) for Q < a < m + n. For 
Tm+nCo)) l^t t'' and t*^ be the top entries in and T^^ respectively. If 1}' — 



= m, then we define e^T to be the tableau obtained by removing m m from 



T. Otherwise, we define &rnT = 0. Also, if t^,t^ > m, then we define fynT to be 



the tableau obtained by adding m m on top of T. Otherwise, we define fm-T = 0. 



Here denotes a formal symbol conventionally used in abstract crystals. 

Case 2. Suppose that g = b and B = T^_(_„. For T G T^_,_„, let t be the top 
entry of T. li t = m, then we define to be the tableau obtained by removing 
m from T. Otherwise, we define imT = 0. We define f^T in a similar way by 



adding | m \ on top of T. 

For r E ;B in the above two cases, we put £miT) = max{ r G Z>o | 7^ } and 
^m{T) = wt(T) +efn{T). Then we can check that ;BU{0} is invariant under 6^ and 
frn (we assume ejO = fjO = 0), and hence ;B is a g^+n-crystal with respect to wt, Sj, 
Lfi and ej, fj for i E 
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Case 3. Suppose that g = b, b* and B = Tm+n(o) for < a < m + n. We regard 
Tm+n{a) as a subset of (T^+„)®2 by identifying T € T^+„(a) with (g> T^. The 
signature of T € Tm+n(a) is invariant under e^, fj for i £ Im+n \ {rn} such that 
CjT 7^ or f^T 7^ 0, since sh(r'" — > T^) is invariant under e^, fj. Next, suppose that 
T € Tm+n(a) is given with sh(T) = A(a, 6, c) and e^rT 7^ 0. If e^T = (g> (e^T^), 
then sh(em:T) = A(a, 6 + 1, c— 1) and the signature of is (o, 6 + 1) since only c — 1 
entries are bumped out from when emT^ is inserted. Also, if em-T = (efnT^)^T^, 
then sh(efTrT') = A(a, 5 — l,c) and the signature of ewr^ is {a,b — 1) since the top 
entry of is greater than Tn. Hence Tm+n{cL) U {0} is invariant under 6^. By 
similar arguments, Tm_|_„(a) U {0} is also invariant under fm-. Therefore, Tm+n(a) 
is a subcrystal of (T^^^)*^^ with respect to wt, e^, ipi and e^, fj for i G Im+n- 

Theorem 7.1. 

(1) T5^_,_„ zs isomorphic to the crystal of Lq{bm+n, -^m) ■ 

(2) Tm+nia) is isomorphic to the crystal of Lg{Qrn+n, ■^m+n{i'i^"'),r)) forO <a < 
m + n, where r = 1 for Q = c and r = 2 otherwise. 

Proof. (1) Let T G T^^„ be given. Let (i7a)agj„+„ be sequence of ± such that 
da = — if and only if a occurs as an entry of T. Then the map sending T to (ua) is 
isomorphism of bm+n-crystals from T^_,_^ to the crystal of the spin representation 
Lq{bm+n,-^rn) (cf. [Ml Section 5.4]). 

(2) Suppose that g = c. We first claim that Tm_|_„(a) is connected. We use induc- 
tion on the number of boxes in T € Tm+nio-), say |r|, to show that T is connected 
to H^iay Suppose that T G Tm+n(a) is given with sh(T) = /i. Since Tm+nio) is 
a g[„_,_„-crystal, T is connected to a highest weight element in SSTj^^^{^) whose 
columns have m as top entries. Hence eynT ^ and \ernT\ = 1^1 ~ 2, and by 
induction hypothesis, T is connected to H^iay 

Next we claim that Trn+n{o) is a regular Cm+n-crystal, that is, for J C Im+n with 
|J| < 2 such that {{a^ ,aj))ij^j is of positive definite, it is isomorphic to a crystal 
of an integrable representation of type {{a)^ ,aj))iji=j. Since Tm+n(a) is a regular 
flfm+ra'Crystal, it remains to consider the case when J = {rn,m — 1}. Let C{T) be 
the connected component of T G Tm+„(a) with respect to ej,fj for i = fn,m — 1. 
It is straightforward to see that C (T) is isomorphic to the crystal of a fundamental 
representation of type C2 [26J. Hence Tm+nia) is a regular Cm+n-crystal and it is 
isomorphic to the crystal of an integrable C/g(Cm+„)-module [2T]. Since Tm+nio-) is 
a connected crystal with highest weight wt(-ff(ia')) = Am+nii'^-"') , 1), it is isomorphic 
to the crystal of Lq{Cm+n, ■^m+nii'i-'^), !))• 

Suppose that g = b. By similar arguments as in g = c, we can show that Tm+nia) 
is connected for < a < m+n with the highest weight element -ff(ia). Since Tm+n{a) 
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is a subcrystal of (T^_,_„)®^, which is a regular bm+n-crystal by (1), Tm+n(a) is also 
regular with highest weight Am+nii^""), 2). Therefore, Tm+n(a) is isomorphic to the 
crystal of Lg(bm+n, Am+n((l''), 2)). 

As an /ffj|„-colored oriented graph, the crystal of Lg(b^^„, Am+n((l'^)i 2)) is iso- 
morphic to that of Lg(bm+n, Am+n((l'^), 2)) (see [Ij). This implies that Tm+n(a) is 
also isomorphic to the crystal of Lg(b^_,_„, Am+n((l"), 2)). □ 

Let (A,^) € ^{Q)m+n be given with L as in ()6.2|) . We consider T 

m+n I, ^ J as a 

subset of 



by identifying T = (Tl, . . . , Ti) G Tm+„(A, £) with Ti (g) • • • (g) Tl, and apply ej, fj on 
Tm+„(A,^) for i G /m+n- 

Lemma 7.2. Tm+„(A,£) U {0} zs invariant under ei,fi for i G Im+n- 

Proof. (1) Suppose that g = c. Let T = Ti • • • (g) G Tm+„(A,^) be given. 
Recall that each Tk can be viewed as Tj^ as an element of a gt^^„-crystal. For 
1 < A; < ^, let tC") be given by replacing (g) Tj: with ^Tk (g) ^Tk in T. Since the 
column insertion is compatible with the gl„_,_„-crystal structure on (Jm+n)®^, the 
map sending g) with ^Tk <g '"T^, commutes with ei,fi for i G Im+n \ {^}, and 
hence so does the map sending T to T'-'^-*. 
Suppose that fjT 7^ for some i G Im+n and 



for some 1 < k < i. Let S = fjT = Si ® ■ ■ ■ S^. It is clear that Sj G Tm+n(Aj) 
for I < j < £, and {Sj+i,Sj) = {Tj^i,Tj) is admissible for 1 < j < £ — 1 with 
jy^A:-l,A;. 

Case 1. Suppose that i G /,„+„ \ {m}. Since S^''^ =?j(T('')), we have 

(i) ^Sk{l) < for / > 1, when k>2, 

(ii) + A'fc - A'fc+i) < for I > 1, when A: < £ - L 

Similarly, since S^-'^ = fj(T*^-''*) for j = A — 1, A; + 1, we have 

(i) ^^5^+1(0 < Slil) for / > 1, when k < £ - 1. 

(ii) Slil + A'fc„i - A'fc) < ^-Sk^iH) for / > 1, when k>2, 

This implies that Sk+i -< Sk and 5^ -< Sk~i- Hence fjT G Tm+„(A,^). 

Case 2. Suppose that i = fn. First, we claim that ht(5'^) < ht(r^_;^). If 
ht(S'j^) > ht(Tfc^_J, then we have h.t{Tj^) = h.t{Tk-i) with tl,tl > m and tl_-^ = m, 



(7.1) 




otherwise 



if g = b with i — 2Ai odd. 



fiT = Ti (g • • • fiTfc (g • • • ® Ti, 
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where (resp. tj) is the top entry of Tj (resp. T?). Since t\ > m, we have 
> m = t\._i by definition of ^T^, where ^tk is the top entry of ^T^. This 
contradicts the admissibihty of (Tfc,Tfc_i) and hence proves our claim. Now, it is 
clear that Sj+i ~< Sj for 1 < j < £ — 1 since fn is the smallest one in Sm-\-n • Hence 

By Case 1 and Case 2, we have TjT G Tm+n(A,£). The proof of e^T G 
Tm+n(A,^) U {0} is similar. 

(2) Suppose that g = b, b*. Let T = Ti® • • -(^Tl e Tm+n(A,£) be given. Suppose 
that fjT 7^ for some i G Im+n and 

f,T = ri(»---0?irfc(»---®ri, 

for some 1 < k < L. Let S = fjT = Si ■ ■ ■ ^ Sl- Then (Sj+i, S'j) = (Tj^i,Tj) is 
admissible for 1 < j < L — 1 with j ^ k — l,k. 

Case 1. Suppose that i £ Im+n \ {rn}. By the same argument as in (1), we have 



Case 2. Suppose that i = fn. First, assume that fn has been added on top 
of r^. In this case, ^Sk = ^T^ and ^Sk is obtained by adding m_ on top of ^Tk 
by construction of ^T^ and ^T^ (see the proof of Lemma [6.4p . Hence S^+i -< Sk 
and Sk -< Sk~i- Next, assume that fn has been added on top of T^. In this case. 



^Sk = ^Tk and ^Sk is obtained by adding \m] on top of ^Tk. If ht(5^) > h.t{T^_-^), 



then ht(r^) = ht(rj'_^) and tl_-^ = m. Since Tk -< Tk-i, we have Hk = fn. But 



this contradicts the fact that m can be added on top of T^. So we have ^(5^) < 
ht(r^_J. Hence Sk+i ^ Sk and Sk -< Sk-i. 

By Case 1 and Case 2, we have TjT G Tm+n(A,^). The proof of e^T G 
Tm+„(A, i) U {0} is similar. □ 

Lemma 7.3. Tm+n(A,£) is a connected crystal with highest weight Am+n(A,^). 

Proof. (1) Suppose that g = c. Let il{x/) = -^(i^i) • • • fS" ^(^i^'^y '^^^^ prove 
that any T = Ti (g) • • • (g) G Tm+n(A, £) is connected to H(;^ under Cj for i G Im+n 
by using induction on |T| = ^^^^ 1211 the sum of the boxes in T. We may assume 
that T is a gt^^^-highest weight element. 

Choose the smallest k > 1 such that is non-empty. Suppose that there is 
no such k. Since Tf- = 0, Tj+i -< Ti and (Tj+i {■ ■ ■ (T2 Ti))) is a gl^^„- 
highest weight element for 1 < i < A; — 1, we have Tj = ^^^x'-^ 1 < ^ < ^, that is, 
T = 'H.(^x,e)- If = 1, then t\ = t^ = m. Otherwise, e^T ^ for some i G 
This implies that SmT 7^ 0. By induction hypothesis, e^jiT is connected to il{x,e) 
and so is T. 
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Suppose that k > 2. We have Tj = -^^^-^a'^ for 1 < i < k — 1. Note that 
htC-Tk) = d for some A';, < d < A'^.^ and ^Tk{r) < T^^i{r) for 1 < r < d. Since 
{^Tk — > (Tfc_i ^ (• • • ^ Ti))) is also a 0[^_^„-highest weight element, it equal to 
H^, where = {X'l, . . . , A'^_]^, d)' . In particular, we have ^T^ = H^idy 

We claim that t\ = m. Suppose that t\ > m. Since ^T^ = H^id-^ , we have d > 2 
and m < ''tfc ^ "^^fc) where ^t'/^ is the largest entry in ^Tf^. Then (^tk — > Hf^) is of shape 
v = {X[, . . . , A'^__]^, (i, 1)' but not s a highest weight element Hi, since m < ^tk < "^t'^,. 
This contradicts the fact that T is a gl^^^-highest weight element, and proves our 
claim, that is, = = rn. Hence imT ^ and by induction hypothesis, T is 
connected to 

(2) Suppose that = b, b*. Let H(;^ = H x' ^® ■ ■ ■ ® H x' o where we assume 

(11) (1 L) 

that A^ = or the last tensor factor is empty tableau in T^^„ when £ — 2Ai is odd. 
Then we can show that T G Tm+n{X, i) is connected to H(;^^^) under for i G Im+n 
in almost the same way as in (1). □ 

Theorem 7.4. For (A,£) € ^{Q)m+n, T^m+niX,i) is isomorphic to the crystal of 

Proof. Suppose that g = b,c. By Theorem 17.11 T,m+n(A') and T^^„ are regular 
crystals and so is the crystal (|7.ip . By Lemma [7^ Tm+n(A,^) is a regular crystal. 
Hence by Lemma rTSl it is isomorphic to the crystal of Lg{Qm+n, -^m+niX, i)). Finally, 
the crystal of Lgib"^^^, Am+ni^, i)) is isomorphic to that of Lq(0m+n, Am+n(A, ^)) 
as an /m+n-colored oriented graph [1], and hence isomorphic to Tm+n(A,^). □ 

Let 7j[Pm+n] be a group ring of Pm+n with a Z-basis { e'^ | /i € Pm+n}-, and 
chLg(0m+n, A) = X]^(eP„+„ dimLq(0m+n, A)^e^ for A G Pm+n- The character of a 
0m+n-crystal is defined in the same way. Put z = e^™ and Xa = e^" for a G im+n- 
By Theorem 17.41 we have 

Corollary 7.5. For (A,^) G d^{Q)m+n, we have 

c\lLq{Qm+n,Am+n{XA)) = 'S'fA,^) (^Jm+n ) ■ 

Now, we have the following, which is the main result in this section. 

Theorem 7.6. For (A,^) G ^(0)m|n) we have 

chLg(0^l„,A„|„(A,£)) = S'[';^^^-)(xj,^|^). 

That is, the weight generating function of orthosymplectic tableaux of type and 
shape (A,£) is the character of Lq{gm\m Am+ni^, £)) . 
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Proof. Considering the classical limit of Lg(gm+ooi Am+oo(A, ^)), we have 



by Corollaries 17.51 and 16.131 Hence by Theorem 13.21 (see (13. ip ). we have 



chL(0TO,|oo: ahoo(a,^)) = 



Now chL(g^|„, A^|„(A, £)) is obtained by specializing Xa = for a > n + 1, which is 
equalto 50_^_^)(xj^,J. □ 

Remark 7.7. 

(1) A Weyl-Kac type character formula for L^q^^^^, Aj^^^^X, i)) can be obtained 
by super duality (see also [5j for its detailed expression). 

(2) The coefficient gives the branching multiplicity with respect to Uq{Qi^^^)- 
submodules. Even when n = 0, our formula for branching multiplicity with respect 
to C bm, Cm seems to be new. 

(3) We may regard 5"^^ ^^(xj^i^) as a natural super-analogue of the irreducible 
characters over the classical Lie algebras or orthosymplectic analogue of super Schur 
functions since it is obtained by superizing symmetric functions in xj^^^ with re- 
spect to xj^i^ and then specializing certain variables to 0. 

(4) We have more irreducible characters by S^^^^{xj^^) with other ^'s. For ex- 
ample, when A = Im with m > 0, we have irreducible characters in O (see p.2p ) 
corresponding to those in 0^'^^{m + oo) via T. 

7.2. Connection with Kashiwara-Nakashima tableaux. Let us briefly discuss 
how orthosymplectic tableaux are related with Kashiwara-Nakashima (simply, KN) 
tableaux [26] when g = b, c and n = 0. 

Suppose that g = c. Let T = {T^,T^) G Tm,+o(a) be given for < a < m. 
Consider (^T,^T). Let cr(^T) be the single-column shaped tableau of height m — 
ht('''T) with entries {1 < • • • < m} such that k appears in cr(^T) if and only if k 
does not appear in ^T. Let T be the tableau of height m — a obtained by gluing 
at the bottom of a(^T). Then T is a KN tableau of type Cm- For example, when 
m = 5 and a = 1, we have 



T = (^^^'^) 



5 


4 


3 


T 


2 





5 


4 


2 


3 




T 
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Now, for T = {Ti, . . . , Ti) G Tm+oi^^, '^^ have T = (T^, . . . , Ti), which forms a 
tableau of shape /i, where ^ = (£ — A^, . . . , £ — Ai) and is the k-th. column from 
the right. Then from the admissibility of T^) for 1 < A; < ^ — 1, it follows that 

T is a KN tableaux of type Cm- 

Suppose that g = b. Let T = (T^, T^) € T 

m+o(o) be given for < a < m. In this 
case, we define T as follows: Define cr(^T) in the same way as in g = c. We place 
a single-column shaped tableau of height a + ht(T^) — ht(T'") with entries 0, at the 
bottom of cr{^T) and then glue it with ^T. Then T is a KN tableau of type Bm with 
ht(r) = m — a. For example, when m = 5 and a = 1, we have 



T = (r^,r^) 





5 


5 


4 


3 


T 


T 





(^r,^r) 





5 




2 


5 


4 


T = 





T 


3 




5 




T 




T 



If T € T^_(_Q, then let a = (o"i, . . . , am) be a sequence of ±'s such that = — 
if and only k appears in T. Then a determines a unique KN tableau of spin shape. 
Now, we can recover KN tableaux of type Bm from Tm+o(-^)^) in the same way as 
in = c. 



8. Crystal base of a highest weight module in Oq{m\n) 

We assume that g = b,b*,c. In this section, we show that Lg(gm|ni ^m|n(-^i ^)) 
has a unique crystal base for (A,^) G ^(g)m|n- 



8.1. Crystal structure of Yq. Let us consider the crystal structure of in (j5.4p . 

We identify Sm\n with the crystal of the natural representation of f^g(gfm|n); where 



m 



m 



m 



1 



1 



m 



in 



oo 



n- 2 



in < oo) 



where wt(a) = 5a for o G 3m\n [2]. The set of finite words with letters in J„|„ is the 
crystal of the tensor algebra generated by the natural representation of Uq{Qlm\n)j 
where we identify each non-empty word w = wi • • • Wr with wi^- ■ - ^Wr G (Jm|n)'^''- 

Remark 8.1. Our convention for a crystal base of a J7q(g[m|„)-module is different 
from the one in [2], where it is a lower crystal base as a C/g(g[^|o)-module and a upper 
crystal base as a C/g(g[o|ji)-module (cf. Remark IS.ip . But we have the same results 
as in [2J. Hence in our setting, for w = wi ■ ■ ■ Wr & i^m\n)^^ ^ and fiW {i G /o|n) 
are obtained by applying the usual signature rule (see Section I6.3p to w for crystals 
for symmetrizable Kac-Moody algebras, while for CiW and fiW {i G 1^10 \ we 
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apply the signature rule to the reverse word w^^^ . Also, for i = 0, choose the largest 
k {1 < k < r) such that (/3o|wt(wfc)) 7^ 0. Then eow (resp. fow) is obtained by 
applying eo (resp. /o) to Wk- If there is no such k, then eow = (resp. fow = 0). 

Recall that for a skew Young diagram A//i, SST^^^^{\/ ^) is equipped with an 
(/m|ra \ {w;})-colored oriented graph structure ([2, Theorem 4.4]). Here Cj and fi 
are defined via the embedding SSTj^^^{X/ n) — > \_\r>o(^rn\n)'^'' j which maps T 
to w^^^iT) (see Remark 18. ip . Then for A G SSTj^^^{X) is isomorphic to the 
crystal of an irreducible polynomial representation of f/g(0tm|ra) with highest weight 
^m|ra('^)0) ^ Pm\n El Theorem 5.1]. We denote by the highest weight element 
with weight A^|„(A,0), which is also called a genuine highest weight element [21 
Section 4.2]. 

Let 

T^i„= □ 55rj^|„(P)x55rj„,„(n. 

P,<1>0 

By identifying (T^ ,T^) G T^|„ with T~ (>>>r^ and applying the tensor product rule 
in Section 15.11 we have an (/m|„ \ {m})-colored oriented graph structure on Trn\n- 
Let be the top entries in T^. If = = m, then we define emiT" ,T^) = 



{S ,S'^), where is obtained by removing m from T^. Otherwise, we define 



ern{T-,T+) = 0. Also, if > m, then we define frn{T-,T+) = (5-,5+), 



where is obtained from by adding m on top of T^. Otherwise, we define 



fm{T , r+) = 0. Hence T^|„ has an /^i^^-colored oriented graph structure. We 
also have an /j„|„-colored oriented graph structure on T*^^, := T^'' , where and 



fm are defined by adding and removing m , respectively. 



Let m = {ma) G B be given. Put d± = EaG±j„|„ ^a- Let T±(m) G 55Tj^|Jl'^^) 
be the unique tableaux such that the entries in T^(m) are a's with nia 7^ counting 
multiplicity as many as nia times. 

If we regard B as a crystal of a [/g(Cm|n)-™odule and B+ as a crystal of a 
C/q(bm|ra)"™odule =^q2; then it is straightforward to check the following (see Theorem 
and its proof). 



Proposition 8.2. The maps 

^' : B — > T^|„, : B+ — > T'P, 

given by ^'(m) = (T^(m), T^(m)) and ^'^(m) = T+(m) are bijections which com- 
mute with ei and fi for i G Im\n- 

From now on, we regard T^|„ (resp. TJ^|^) as a crystal of (resp. =^^), where 
wt, Ei and (i G Im\n) Sire induced from those on B (resp. B+) via ^' (resp. ^'+). 
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8.2. Highest weight crystal T„|„(A,£). Put 



T^I„(a) = T5 (a), T^|„(A,^) = T5 (A,^), 



for a G Z>o and (A,^) G ^{5)m\n- We regard 

'^m|n('^) '-'-'r?i|ra7 if 

-Hn(«) C (t^J""", ifg = b,b', 

by identifying T with (g) T'^, and apply ej and fi on T„|„(a) for i G /m|n- Recall 
that in case of Tm+n(fl) in Section [71 we identify T with 0T^. This difference is 
due to the tensor product rule for ei and fi {i G Im\n) (see Remark l8.ip . But when 
n = 0, Tm+o(a) with respect to and fj is isomorphic to T^|o(a) with respect to 
ei and fi for i G 1^+0 = -^m|o- 

Lemma 8.3. Under the above hypothesis, Tm\n{o) U {0} is invariant under ei and 
fi fori£ 

Proof. The proof is almost the same as in the case of Tm+ra(fl)- So we leave the 
details to the reader. □ 

Let (A,^) G ^{Q)m\n be given with L as in (16. 2p . We consider T^|„(A,^) as a 
subset of 

(8 1) |T^|n®T„|„(A'^_i)®---0T„|,(A;), if = b and ^ - 2Ai is odd, 
[T^|n(Ai) • • • (8) T^|„(Ai), otherwise, 

by identifying T = (Tl, . . . ,Ti) G T^|„(A,£) with (8) • • • (8> Ti, and apply ej and 
fi on T^|„(A,£) for i G I^j^. We put 



.2) Hj^_^) = Hl^---®H 



where G 55rj^|^(l^'fe) (1 < A: < L) are unique tableaux such that (Hl 
(• • • {H2 Hi))) = Hy We should remark that H/^ is not necessarily a highest 

weight element ^, in SST^.^{l'^'k). Here we assume that Hi is the empty 

(1 fe) ""I" 

tableau in T'^'^, if a = b and £ — 2Ai is odd. 

m\n ^ 

Theorem 8.4. For {X,i) G ^{9)m\n! "^mlni^^^) U {0} "is invariant under ei and fi 
for i G Im\n- Moreover, T„|„(A,^) is a connected I m\^n- (colored oriented graph with a 
highest weight element H^^^^ of weight A^|^(A,^). 

Proof. Let T = Tl O • • • (g) Ti G T„|„(A, i) be given. For 1 < < L, we define T^'^) 
in the same way (see the proof of Lemma 17.21 (1)). Since the column insertion of 
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Jm|n-semistandard tableaux is compatible with the g[^|„-crystal structure (see [22]), 
we have /j(T*^'^^) = (/jT)*^'^-*. Then by the same argument as in Lemma l7.2^ we can 
show that T^|„(A,^) U {0} is invariant under and /j for i G Im\n- 

Next, let us show that T^|„(A,£) is connected. We will prove this only in the 
case of = c, since the proof for g = b, b* is similar. By [21 Theorem 4.8], we may 
assume that T is a 0[^|„-highest weight element, that is, (T/, —)•(••• (T2 — )• Ti))) 
is a genuine highest weight element. Choose the smallest k > 1 such that is 
non-empty. If there is no such k, then T = H^^ If A; = 1, then t\ = ti = rn, which 
implies emT ^ 0. By induction on the number of boxes in T, emT is connected to 
H^^^ and so is T. 

Suppose that k > 2. Since Tf- = 0, Ti+i ^ Ti for 1 < i < k - 1 and {Ti 
(• • • (T2 — 7> Ti))) is a g[„|„-highest weight element, we have rj(A^ — r + 1) = m — r + 1 
for 1 < i < k — 1 and 1 < r < min{m, A^}. Since htC^T^) = d for some A^ < < A^. -,^ 
and '^Tfc(r) < for 1 < r < d, we also have ^Tk{d — r + 1) = m — r + 1 for 

1 < r < minjd, m}. 

Now, if t\ > m, then we have d > 2 and m < ^tj. < ^t'l^, where ^t'j^ is the 
largest entry in ^Tk, and S = {Hk C'Tk {Tk-i ^ ■ ■ ■ {T2 ^ Ti)))) is of shape 
v = {X'l, . . . , A'^_-|^, d, 1)'. Since rn < ^tk, the entry in the right-most column of S is 
not fn, which implies that (Ti —>■(••• (T2 — )■ Ti))) is not of the form for some 
r]. This is a contradiction. Therefore, = = and 7^ 0. By induction 
hypothesis, T is connected to H^^^^. □ 

8.3. Crystal base of a highest weight module. First, suppose that 3 = c, and 
consider a crystal base (^, of a C/g(Cm|„)-module J^q in Theorem 15.61 For a > 0, 
let m(a) G B be such that ^'(m(a)) = {H'^^^^y^). Then := ^ni(a)|0) is a highest 
weight vector with highest weight A„|„((l'^), 1). By Theorem 14.21 we have 

Proposition 8.5. For a > 0, let 

^{a) = { ±x,^ ■ ■ ■ ii^Va (mod gif (a)) } \ {0}. 

where r > 0, «i, . . . , v G Im\n! x = e, f for each i^- Then {^{a),-^{a)) is a 
crystal base 0/ Lg(Cm[ra, A„|„((l'^), 1)), and the crystal ^ (a)/ {zizl} is isomorphic to 

Tm|n('^)- 

Proof. Since Vq G »Sf , (a) C ^ and it is invariant under e, and fi for i G Im\n- 
Also, ^(a) C ^ and hence it is a pseudo-basis of {a) j q££ {a) over Q since ^/{±1} 
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is linearly independent. By Proposition 18.21 and Lemma l8.3t the map 
(8.3) ■ ■ ■ Xj^Vq, I y ■ ■ ■ Xi^H ^-^^-^ 

with r > and ii, . . . , v G Im,\n is a well-defined weight preserving injection from 
^{a)/{±l} U {0} to T„|„(o) U {0}, which commutes with e, and fi for i E Im\n- 
By Theorem 18.41 T^|„(a) is connected, and hence the map (18. 3p is a bijection. Now 
it follows from Theorem 17.61 that rankA^(a)^ = dimLg(Cm|„, A^|„((l"), 1))^ for 
all weight //. This implies that .if (a) is an A-Iattice of Lg(Cm|n; ^m|n((l"); 1))) and 
hence {Sf{a),3^{a)) is its crystal base. □ 

Next, suppose that g = b,b*. Consider (g) as a ?7g(gm|„)-module. For 
a > 0, let m+(a) G B+ be such that ^'+(m+(a)) = 

Lemma 8.6. For a > 0, there exists G (S) suc/i t/iat 

(1) Va is a highest weight vector of highest weight A„|„((l'^), 2), 

(2) G ^+ and = V'm+{a)|0) |0) (mod Oif+). 

Proof. Let m(^),m(^) G be given with m^^^ = (mrs)r-Gj„|„- For convenience, 
we identify the {Srn\n x 2)-matrix [rurs] = [m^^^ : m^^^] with ^^nCi) |0) V'm(2) |0) ^ 
=^q2 "S^ =^g2- Note that m^s G {0, 1} when \r\ = 0, and m^s G Z>o when |rj = 1. 

Let a > be given. Put b = max{0, a — m}. Let M(a) be the set of non-negative 
integral (Jm|n ^ 2)-matrices M = [rrirs] satisfying the following conditions: 

(1) rrirs = for r > i and s = 1, 2, 

(2) rriri + = 1 for m < r < Z + 1 where / = max{m — a, 0}, 

(3) rrii^ + = b. 

Let M = [rrirs] G M(a) be given. We write M ^ M' if [mjn mm2] = [1 0] and M' 
is obtained from M by replacing [mm ^^2] = [1 0] with [0 1]. For i G {m — 1, . . . , 1}, 
we write M ^ M' if rrijjp^^ = 0, m^-j^ = 1 and M' is obtained from M by replacing 










1 




1 







with 






1 










1 



Similarly, we write M M' if mj^ = 0, mi^ > 1 and M' is obtained from M by 
replacing 










1 


with 


1 


mil mir, 
. 2^ 2^. 




u 


V 




u — 1 V + 1 



Identifying M with tp^w |0) (8) V'm(2) '^^ have 
(8.4) e,M = QM,M'i<l)e^M', 
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for M -w M' , where Qm,M'{q) is a monomial in q given by 



(8.5) QMM'iQ) 



q, lii = m and = b, 

(_l)|m(i)|+i^^ if i = m and = b', 



' , if i = m — 1, . . . , 1, 

^(_l)|m(l)| + lg2(/3V,„t(mW))^ . ^ 

Here |m(^)| denotes the degree of m^*) or 4'^{s)\^) (cf. Remark l3.ip . 



Let Mia) G M(a) be such that m^i = 1 for m < r < I + 1, and mi, = 6. Then 

2 

for M e M(a), we have 

(8.6) M(a) = Mo ^ Ml ^ ■ ■ ■ ^ Mr = M, 

for some r > 0, n, . . . , ir G {m, . . . ,T, 0} and Mi, ... , Mr_i € M(a). Put 

r-l 

/i(M) = r, QA/(g) = n Qm„m,+i (q)- 

Note that M G M(a) is completely determined by its second column m(^\ and 
with this identification the {m, . . . , l,0}-colored graph structure on M(a) with re- 
spect to coincides with the b^ii-crystal structure on T^|j^ (see Section [8?T]) . 
Then we can check without difficulty that h{M) and Qm{q) are well defined, that 
is, independent of a path ()8.6p from M{a) to M. 

Now, we define 

^a= (-l)^^'^^QM(g)M. 
MeM(a) 

Then G ^+ (g) ^+ and = '(/'m+(a)|0) ® |0) (mod ^+). It remains to 

show that Va is a highest weight vector, that is, ejVa = for i € {m, ...,1,0}. 

Consider the pairs (M,M') for M, M' G M(a) such that M -^^^ M' . We see that 
any M G M(a) with e^M ^ belongs to one of these pairs. Since h{M') = h{M) + 1 
and QM'{q) = Qm{(i)Qm,M'{(i), we have by (|8.4p 

{(-I)'^WQmM + (-l)M^^')gM'M'} 
= _ Q^, j^,,{q)eiM'] = 0. 

This implies that e^Va = 0. □ 
By Lemma 18.61 and Theorem 14.21 we have 

Uq{Qm\n)^a = -^g(0m|n) Am|n ((1") ; 2)) . 
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Proposition 8.7. Suppose that g = b,b' . For a > 0, let 

^(a) = { ±Xi^ ■ ■ ■ ii^Va (mod gif (a)) } \ {0}. 

where r > 0, ii, . . . ,ir G Im\nj o,f^d x = e, f for each ik- Then (^(a),=^(a)) is a 
crystal base o/ Lg(0m|ra7 ^m|ra((l")5 2)), and the crystal ^ (a)/ {±1} is isomorphic to 
Tm|n(a) for a > 0. 

Proof. We note that ^(a) C ® is invariant under ij and /j for i G lm\n^ 
and ^{a) C ^ =^ is a pseudo-basis of ^+(a)/gif+(a) over Q. Then it fohows 
from the same argument in Proposition 18.51 that (^(a),^(a)) is a crystal base of 

-^^g(0m|n,A^|„((P),2)). □ 

8.4. Main result. Now we are ready to state and prove our main theorem in this 
paper. 

Theorem 8.8. For (A,£) G 3^{Q)m\n: ^q{'&ra\n-, ^ra\n{^^^^) ^0,^ 0, unique crystal base 
up to scalar multiplication, and its crystal is isomorphic to T„|„(A,£). 

Proof. Let (A,^) G ^{9)m\n be given with L as in ([O])- For 1 < i < L, let Vi be 
the C/g(0[^|„)-submodule of Yq or generated by vy. (we assume that vy^ = |0) 
in if = b with £ — 2X[ odd). Then Vi is isomorphic to the irreducible Uq{Ql^\n)- 
module with highest weight A^|„((l''*»), r), where r = 1 is either 1 or 2. Consider a 
C/q(0[^[„)-module V[x/) = Vl <^ • • • (8) Vi. Then it is completely reducible and has a 
crystal base [2]. By Propositions 18.5 1 and 18.71 we may assume that the crystal lattice 
of V(^x,e) is contained in ^(x/), where ^(x,e) is (8> ^{X'^_i) ^ ■ ■ ■ ^(A^) when 
= b with e - 2X[ odd, and -S^(A^) (g) • • • ^{X'l) otherwise. 

By the decomposition of V(^x,e) i^to irreducible C/g(gt^|„)-modules (see for ex- 
ample [221 Example 5.8]), there exists a unique C/g(0[^|„)-highest weight vector 
V(X,e) ill ^(A/) (up to scalar multiplication) such that C^i}(0lm|n)'^(A/) is isomorphic 
to the irreducible f/g(0[^|„)-module with highest weight Am[„(A,£) and V(x,£) ^ 
(mod q^(^x,e))- Since v^;^^) G ^(A/) = Vl • • ■ ^Vi and ejnVi = for 1 < i < L, we 
have efn'V(^x/) = 0- Hence 'V(^x/) is a C/g(0„|„)-highest weight vector and 

by Theorem l4.2l which also implies Lg(0„|„, A„|„(A, £)) is a direct summand of Y^^^ 
for some M > 1. We also have 
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(see ([82]) )• Now, we let 

=^(A, I) = { ±Xi, ■ ■ ■ V(;,,,) (mod gif (A, £)) } \ {0}, 

where r > 0, ii, . . . , v £ Im\n-: and x = e, f for each i^. 

Since .if(A,^) C .^(a/)) -^(A,^) is invariant under and fi for i G Im\m aiid 
=^(A,f) is a pseudo-basis of ^(A,^)/g^(A,^) over Q. By Propositions [83] and EZl 
the map 

(8.7) ■■ ^)/{±l} U {0} T„|„(A, i) U {0}, 

given by Xi^ ■ ■ ■ 5?vV(a/) i — > Xii • • • Xi,,H^^^ with r > and ii, . . . ,ir S 1^1™ is a well 
defined injection (see (18. 1|) and (18. 2j) ). which commutes with ej and /, for i € /m|ra- 

By Theorem 18. 4[ T^|„(A,£) is connected, and hence the map ()8.7p is a bijection. 
Finally, by Theorem 17.61 ^{X,i) is an A-lattice of Lg(0„|„, A^|„(A, ^)), and hence 
{^{X,£),^{\,i)) is its crystal base. 

Finally, the uniqueness of a crystal base of Lg(gm|„, A^|„(A, £)) follows from the 
connectedness of Tm|„(A,£) and [21 Lemma 2,7 (iii) and (iv)]. □ 

Corollary 8.9. Each Uq{Qm\n)-''^odule in 0*"*(m|n) has a crystal base. 

Corollary 8.10. Each highest weight C/q(gm|„)-moduZe in 0^^^{m\n) is a direct sum- 
mand of Y^^'^ for some M > 1. 

Remark 8.11. 

(1) We expect that an irreducible highest weight C/g(5m|n)-™odule in 0^^^{m\n) 
also has a unique crystal base, but we couldn't prove it in this paper, which is mainly 
due to the technical difficulty in describing a connected component in the crystal of 
y®M for M > 2. 

(2) There is another combinatorial character formula for Lg(0m|„, Am|„(A, £)) (g = 
b, b*, c) given in terms of Young bitableaux [28], where there is no crystal theory for 
superalgebras is used. It would be interesting to find a more explicit connection 
with T^|„(A,£). 

(3) Our presentation of C/g(0m|n) is with respect to the standard Borel subalgebra 
of Qm\n- There are other Borel subalgebras which are not conjugate under the Weyl 
group. It is natural to consider a crystal base of Lg(0^|„, A„|„(A, ^)) with respect to 
other non-standard Borel subalgebras, where a highest weight changes depending on 
Borels. We expect that Lg(0m|ni ^m|n(A, t}) also has a crystal base with respect to a 
non-standard Borel, but it gives a different graph structure. This will be discussed 
in another paper. 
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